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I.  Introduction 

The  global  objective  of  this  contract  was  to  construct  analytical  models  of  flexible  structures 
controlled  by  electromagnetic  actuators,  to  perform  active  control  for  vibration  suppression 
and  to  experimentally  verify  the  models  and  control  algorithm  by  illustrating  successful 
implementation  on  laboratory  structures.  Two  types  of  vibration  suppression  have  been 
examined:  slewing  control  of  beam  like  structures  and  transient  disturbance  rejection  in 
frame  like  structures.  Several  types  of  control  actuators  have  been  considered  as  well, 
mainly  piezoelectric  strain  actuators,  reaction  mass  actuators  and  electric  motors. 

In  our  efforts  to  bring  modeling  and  control  for  vibration  suppression  into  the  laboratory, 
we  have  produced  numerous  results  which  can  be  lumped  into  7  categories: 

1)  The  modeling  and  experimental  verification  of  closed  loop  slewing  control  of 
flexible  structures  which  has  resulted  in  a  substantial  improvement  in  pointing  time. 

2)  The  effects  of  slewing  active  structures  (smart  structures)  have  been  modeled, 
experimentally  verified  and  shown  to  result  in  an  additional  improvement  in 
performance. 

3)  The  nature  of  control  structure  interaction  has  been  modeled  and  experimentally 
verified  for  vibration  suppression  in  trusses  and  frames  using  on-board 
electromagnetic  actuators. 

4)  A  Timoshenko  model  of  layered  piezoelectric  devices  has  been  developed. 

5)  A  significant  new  model  correction  method  has  been  developed  for  adjusting 
mathematical  models  based  on  experimentally  obtained  data. 

6)  A  robust'system  identification  algorithm  has  been  developed. 

7)  A  dynamic  analysis  and  animation  of  flexible  structures  has  been  developed. 


Each  of  these  results  are.  summarized  in  section  II.  Section  III  list  pertinent-references. 
Section  IV  provides  a  listing  of  the  personnel,  both  faculty  and  students,  supported  under 
the  3  years  of  support  provided  by  this  contract.  Section  V  list  proceedings  papers  and 
journal  articles  that  have  been  published  based  on  the  results  generated  by  this  support. 
Section  VI  summarizes  accomplishments  obtained  under  this  contract  and.  discusses 
research  issues  illuminated  by  these  results. 

II.  Summary  of  Results 

II- 1.  Modeling  of  Closed  Loop  Slewing  The  standard  approach  to  modeling  a  slewing 
beam  is  to  model  the  dynamics  of  the  beam  as  a  cantilevered  structure  with  clamped  free 
boundary  conditions  using  a  rigid  coupling  to  the  drive  motor  through  a  gear  train. 
Through  observation  of  a  variety  of  different  slewing  apparatus,  it  was  observed  that  some 
drive  motion  can  be  excited  by  structural  vibration  in  the  beam  and  some  cannot.  This 
observation  resulted  in  subtraction  modeling  and  experimental  verification  of  slewing 
stnicture  (Garcia  (1-2)).  The  outcome  of  this  exercise  was  that  structural  vibration  in  the 
slewing  article  can  be  suppressed  much  more  efficiently  by  allowing  the  actuator  and 
structure  to  interact. 

Analytically  this  amounts  to  modeling  the  boundary  conditions  at  the  point  of  connection 
between  the  beam  and  the  motor  as  somewhere  "between"  clamped  and  pinned.  A 
parameter  depending  on  the  motor  parameters,  gear  ratio  and  beam  stiffness  has  been 
derived  which  characterizes  the  motor-beam  system  and  is  useful  for  designing  an 
appropriate  closed  loop  system.  It  was  then  shown  both  analytically  and  experimentally 
that  the  proper  choice  of  this  parameter  can  improve  the  settling  time  of  a  slewing  maneuver 
by  up  to  65%.  This  result  illustrates  the  significance  of  control  structure  interaction  in 
slewing  maneuvers.  This  is  reported  in  Garcia,  Inman  et  al.  (3,4,5) 
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Specifically  this  extension  of  previous  modeling  of  the  slewing  of  a  flexible  structure 
results  from  the  inclusion  of  torque  and  torque  slope  terms  in  the  boundary  condition 
connecting  the  flexible  beam  and  the  motor.  This  models  the  interaction  between  the 
actuator  and  the  beam  by  including  modal  participation  factors  in  the  slewing  equation  of 
motion.  These  modal  participation  factors  indicate  the  degree  to  which  the  structure  and 
actuator  interact  during  slewing.  Because  of  this  interaction,  large  modal  damping  is 
obtained  through  the  use  of  simple  (rate)  tachometer  feedback.  Experiments  verify  both  the 
model  and  the  improved  performance  and  are  summarized  in  figure  1. 

II-2.  Effects  of  Slewing  Active  Structures  During  the  third  year  of  the  grant  the  area  of 
investigation  known  as  "smart  materials  and  structures"  was  applied  to  the  slewing 
problem.  Much  work  in  smart  materials  and  structures  had  centered  around  using 
embedded  piezoelectric  sensors  and  actuation  (see  section  II-4).  This  use  of  embedded 
sensors  and  actuators  is  referred  to  here  as  an  "active  structure."  A  large  additional  increase 
in  pointing  performance  over  the  system  of  section  II- 1  is  gained  by  slewing  an  active 
structure.  This  has  been  modeled  and  predicted  analytically  as  well  as  experimentally. 

The  reason  why  an  active  structure  illustrates  such  improved  performance  in  slewing 
maneuvers  can  be  simply  explained  by  appealing  to  the  concept  of  full  state  feedback  in 
linear  control  theory.  If  full  state  feedback  is  available,  every  state  can  be  completely 
shaped  to  have  the  desired  response.  For  example  a  pole  placement  algorithm  with  full 
state  feedback  allows  every  closed  loop  eigenvalue  to  be  change  to  a  specified  value. 
However,  in  most  systems,  only  output  feedback  is  available.  This  is  especially  true  for 
distributed  parameter  systems  with  an  infinite  number  of  modes.  An  active  structure  allows 
the  ideal  full  state  feedback  law  to  be  approached  by  providing  a  large  number  of  actuator 
locations  to  be  used. 


The  control  law  implemented  here  was  to  embed  several  sensor/actuator  pairs  into  our  slewing 
structure  to  create  an  active  beam.  The  anal)  tical  model  of  this  system  was  used  to  calculate  an 
LQR  solution  assuming  full  state  feedba"1:  This  "ideal"  solution  is  then  implemented  by 
calculating  the  output  feedback  gain  matrix  associated  with  the  piezoceramic  actuators  that  is 
closest,  in  a  least  squares  sense,  to  the  LQR  optimal  solution.  This  type  of  control  is  only 
obtained  by  using  an  active  structure,  and  results  in  a  substantial  increase  in  performance.  The 
details  can  be  found  in  Garcia  and  Inman  (6,7,8)  and  a  comparison  is  illustrated  in  figure  2. 

It  is  important  to  note  that  several  control  formulations  are  possible  using  active  structures  (on 
smart  materials)  that  are  not  possible  without  this  emerging  new  technology. 

II-3.  Vibration  Suppression  Through  Control  Structures  Interaction  A  reaction  mass  actuator 
was  used  to  study  the  effects  of  control  structure  interaction  on  vibration  suppression  control 
law  design  for  vibration  suppression  in  flexible  space  trusses.  A  strong  theoretical  result  based 
on  including  actuator  dynamics  in  control  law  formulation  and  structural  design  is  provided 
which  quantifies  the  nature  of  control  structure  interaction.  This  result,  arrived  at  by 
employing  various  definiteness  conditions,  clearly  illustrates  the  high  gain  instability 
experienced  by  a  number  of  different  experimental  examples.  This  result  has  been  applied  to 
the  results  of  other  experimental  researchers  as  well.  Two  different  experimental  structures 
were  considered.  The  first  was  a  cantilivered  frame  in  the  shape  of  a  "T"  and  the  second  was  a 
beam  like  frame  suspended  in  a  "free-free"  configuration.  Both  structures  were  fitted  with 
NASA/UB  proof  mass  actuators. 

A  cantilevered  seven  bay  planer  truss  in  the  shape  of  a  "T"  was  controlled  using  a  space 
realizable  proof  mass  actuator.  The  reaction  mass  actuator  was  attached  to  the  truss  at 
location  8  as  indicated  in  figure  3.  The  actuator  was  considered  as  both  a  passive  and 
active  device.  The  placement  of  the  actuator  was  specified  by  examining  the  eigenvalues  of 
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the  modified  model  that  included  the  actuator  dynamics,  and  by  examining  the  frequency 
response  function  of  the  modified  system.  The  electronic  stiffness  of  the  actuator  was 
specified  such  that  the  proof  mass  actuator  system  was  tuned  to  the  forth  structural  mode  of 
the  truss  by  using  a  traditional  vibration  absorber  design.  The  active  vibration  suppression 
law  was  limited  to  velocity  feedback.  The  two  lower  modes  of  the  closed  loop  structure 
were  placed  farther  in  the  left  plane  (increased  damping).  The  theoretically  predicted 
combined  passive  and  active  control  law  was  experimentally  verified.  The  details  are 
given  in  references  (9-10). 

Four  different  feedback  control  laws  were  developed  to  add  damping  to  a  6  bay,  3  meter 
free-free  truss.  A  proof  mass  actuator  is  used  as  both  a  point  force  source  and  as  a  link  in  a 
mechanism  that  applies  bending  moments  at  two  locations  on  the  structure.  The  first 
control  law  uses  the  actuator  as  a  traditional  passive  vibration  absorber.  The  second  control 
law  consists  of  direct  feedback  of  both  the  relative  position  (i.e.,  the  difference  between  the 
proof  mass  position  and  the  structure  position)  and  the  structure's  velocity  at  the  point  of 
application.  The  third  control  strategy  was  also  direct  velocity  feedback,  but  with  a 

compensator  for  the  position  of  the  proof  mass.  The  compensator  is  designed  according  to 
an  optimization  method.  The  fourth  control  law  uses  the  actuator  as  an  equivalent 

viscous  damper  connected  between  two  locations  on  the  structure. 

A  theoretical  and  experimental  comparison  shows  that  direct  velocity  feedback  provides 
better  vibration  suppression  that  can  be  obtained  by  using  passive  and/or  active  vibration 

absorbers.  Furthermore,  the  tuning  criteria  is  only  restricted  to  maintaining  the  actuators 
single  frequency  below  all  structural  frequencies  of  interest.  It  is  also  observed  that 

control  design  is  not  appropriate  for  vibration  suppression  since  it  produces  a  compensator 
that  relies  on  pole  zero  cancellation  (Umland  (11-12)). 


11.4.  Timoshenko  Models  of  Piezoelectric  Devices  A  mathematical  model  of  distributed 
actuator/sensor  system  for  vibration  suppression  of  flexible  members  using  piezoelectric 
devices  has  been  completed  during  the  reporting  period.  The  development  consisted  of 
applying  Timoshenko  theory  to  beams  with  multiple  layers  of  piezoelectric  material  added. 
The  model  is  developed  using  a  Hamiltonian  approach  and  includes  the  external  electric 
circuits  as  well  as  a  complete  set  of  boundary  conditions.  This  rigorous  study  indicates  that 
a  fully  distributed  control  is  not  possible,  but  rather  a  piece  wise  distributed  control  actuator 
can  be  constructed  using  piezoelectric  elements.  The  piezoelectric  material  is  segmented 
and  resistors  are  added  to  the  layers  to  provide  passive  damping.  A  state  space  model  is 
developed,  discretized  (Galerkin  Methods)  and  simulated.  This  finite  dimensional  model  is 
then  used  to  perform  open  loop  and  closed  loop  studies.  Velocity  feedback  is  used  to  study 
closed  loop  control.  The  resolution  vibration  suppression  is  judged  based  on  a 
comparison  of  damping  ratios  in  the  open  loop  system,  the  passive  control  system  and  the 
closed  loop  active  system.  Large  increases  in  damping  ratio  result  as  indicated  in  figure  4. 
The  details  of  these  results  are  presented  in  references  (13-14). 

11.5.  Model  Correction  Methods  Finite  element  models  (FEM)  often  fail  to  exactly  agree 
with  experimentally  determined  model  parameters  (i.e.,  frequencies,  damping  ratios  and 
mode  shapes).  Hence,  it  has  become  standard  modeling  practice  to  adjust  the  analytical 
model  to  agree  more  closely  with  the  test  data.  The  techniques  used  to  adjust  the  analytical 
models  are  called  model  correction  methods  and  typically  have  not  been  very  sophisticated 
(see  the  review  in  Inman  and  Minis  1990  for  instance).  The  result  obtained  under  this 
contract  consists  of  applying  the  methods  of  eigenstructure  assignment  to  the  model 
correction  problem  to  produce  a  systematic  procedure  for  correcting  analytical  models  with 
experimentally  determined  modal  data. 


6 


The  first  major  use  of  the  model  correction  technique  is  to  use  it  to  create  a  non  proportional 
damping  matrix  for  a  given  finite  element  model  of  a  structure.  Finite  element  models  only 
yield  mass  and  stiffness  matrices  Damping  is  usually  included  as  an  ad  hoc  proportional 
matrix.  Proportionally  damped  systems  yield  real  valued  mode  shapes.  Yet  the  majority  of 
tested  space  structures  yield  complex  valued  mode  shapes.  Hence,  the  FEM  cannot 
possibly  agree  with  the  experimentally  determined  model  parameter.  Hence,  a  technique 
based  on  least  squares  calculation  was  developed  to  produce  a  non  proportionally  damped 
real  valued  symmetric  positive  definite  matrix  based  on  experimentally  determined  mode 
shapes,  natural  frequencies  and  damping  ratios.  The  results  are  reported  in  Minas  and 
Inman  (18). 

A  more  general  model  correction  method  was  developed  by  recognizing  the  similarities 
between  the  eigenstructure  assignment  theorem  from  control  theory  and  the  model 
correction  problem  from  experimental  modeling.  The  eigenstructure  assignment  algorithm 
have  been  modified  to  yield  symmetric  positive  definite  correction  matrices.  This  provides 
a  systematic  procedure  to  apply  to  experimental  and  analytical  data  which  results  in  a  model 
which  agrees  with  experiment.  These  results  are  reported  in  Minas  and  Inman  (10, 17*22). 

II.6.  Robust  Identification  Theory  for  Flexible  Structures  During  this  reporting  period, 
significant  progress  was  made  on  our  work  in  robust  system  identification.  This  work 
combines  NASA's  Eigensystem  realization  algorithm  (ERA)  with  the  investigators 
Minimum  Mode  Error  (MME)  method.  Previously,  our  combined  ERA/MME  technique 
had  been  shown  to  be  considerably  more  robust  than  the  ERA  alone  for  the  realization  of 
the  minimum  order  model,  and  subsequent  identification  of  the  modal  frequencies  and 
modal  damping.  We  have  now  demonstrated  considerable  improvement  in  robustness  of 
the  identification  for  the  mode  shapes.  In  addition,  we  are  making  progress  in  the  direction 
of  the  identification  of  the  physical  system  properties  from  time-decay  data.  This 
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represents  a  fundamental  potential  improvement  over  direct  identification  of  modes  since 
the  physical  properties  can  tell  us  exactly  what  the  control-structure  interaction  (CSI)  is. 
Knowledge  of  the  physical  properties  themselves  gives  us  a  much  better  insight  into  the 
design/selection  of  the  appropriate  actuator  in  order  to  accomplish  a  specific  task. 

The  identification  algorithm  has  been  implemented  on  a  laboratory  P.C.  connected  directly 
to  a  vibrating  beam  system.  We  are  currently  able  to  take  data  and  perform  the 
identification  in  a  single  session  which  may  be  as  short  as  just  a  few  minutes.  Subsequent 
to  the  identification,  a  control  law  can  be  selected  and  implemented  on  a  programmable 
controller,  also  during  the  same  session  (23-29). 

11,7.  Dynamic  Analysis  and  Animation  of  Flexible  Structures  Different  types  of  modes 
such  as  vibration  normal  modes  and  static  correction  modes  have  been  used  to  model 
flexible  bodies  for  dynamic  analysis  of  mechanical  systems.  Accuracy  of  using  these 
modes  to  model  a  system  under  different  forcing  conditions  has  not  been  completely 
investigated.  It  was  shown  in  this  study  that  the  loading  on  a  flexible  body  consists  of 
applied  forces,  D'Alembert  forces  resulting  from  gross  body  motion  and  kinematic  joint 
reactions.  Effectiveness  of  using  different  modes  or  their  combinations  not  only  depends 
on  the  choice  of  modes  but  also  on  the  spatial  distribution  and  frequency  content  of  the 
loading.  This  work  provides  a  criteria  to  select  the  number  and  types  of  different  modes 
that  must  be  included  in  the  model.  This  estimation  can  be  obtained  by  performing  a  rigid 
body  analysis  of  the  system. 

This  work  also  demonstrates  that  a  set  of  Ritz  vectors  that  accounts  for  the  dynamic  loading 
on  the  flexible  bodies  must  also  be  included  in  the  model  in  addition  to  vibration  normal 
modes  and  static  correction  modes.  The  Ritz  vectors  used  in  the  model  are  generated  from 
spatial  distribution  of  the  loading  and  are  orthogonalized  with  respect  to  the  vibration 
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normal  modes.  These  results  are  reported  in  Wu  and  Mani  (30-33)  and  include  several 
numerical  examples  to  demonstrate  the  need  to  include  different  mode  shapes  in  the  mode. 
Guide  lines  on  the  selection  of  mode  shapes  to  model  flexible  bodies  for  dynamic  analysis 
are  also  presented. 
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VI.  Research  Issues  and  Accomplishments 

Important  research  issues  identified  during  this  contract  are: 

•  a  need  to  incorporate  smart  material  and  structure  principles  into  the  structural 
control  problem. 


•  formulation  of  definitions,  theories  and  examples  for  controlling  smart  structures. 

•  how  much  can  be  achieved  by  the  use  of  smart  structures  and  what  arc  the 

limitations? 


•  can  simple  academic  formulations  be  used  on  complex  structures 

•  can  the  use  of  nonlinear  control  laws  and  nonlinear  dynamics  be  made  practical  by 

using  smart  structures? 


Each  of  theses  issues  can  be  addressed  by  using  successively  more  complicated 
experimental  structures.  One  of  the  difficulties  with  government  laboratory  experiments  is 
that  they  are  too  complex  for  research  theories  to  handle.  The  difficulty  with  most 
academic  laboratories  is  that  they  arc  too  simple  to  be  of  significance  to  “real"  space 
structures.  What  is  needed,  is  a  step  by  step  increased  in  complexity  of  ground 
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experiments  unit  a  comolex  structure  is  achieved.  At  each  step  research  theories  can  be 
addressed  and  understood  before  the  next  level  of  complexity  is  added.  This  approach 
should  provide  an  experimental  bridge  between  research  results  in  structural  control  and 
practical  space  structure  vibration  problems. 

Accomplishments  under  this  grant  are  summarized  as  follows: 

1)  The  use  of  control  structure  interaction  to  improve  pointing  time  in  slewing 
maneuvers  has  been  developed  both  technically  and  experimentally.  Selection  rules 
for  the  design  of  a  slewing  structure  have  been  provided. 

2)  The  preliminary  results  of  slewing  an  active,  or  "smart"  structure  have  been 
established.  It  has  been  shown  experimentally  that  these  lead  to  improved 
performance,  via  shorter  settling  times. 

3)  The  nature  of  control  structure  interaction  for  vibration  suppression  in  frames  and 
trusses  with  onboard  electromagnetic  actuators  has  been  modeled  and 
experimentally  verified. 

4)  A  Timoshenko  model  of  multiple  layers  of  piezoelectric  beam  has  been  derived. 

5)  A  significantly  new  model  correction  method  has  been  developed  for  adjusting 
mathematically  finite  element  models  based  on  experimental  modal  test  data. 

6)  A  robust  system  identification  method  has  been  developed  and  tested, 
proposed. 

7)  A  dynamic  analysis  and  animation  methodology  for  flexible  structure  has  been 
proposed. 

The  attached  appendix  contains  copies  of  selected  papers  describing  these  results. 
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One  problem  that  exists  with  using  distributed 
sensors  and  actuators  is  due  to  the  integration  of 
the  property  to  be  measured  or  controlled,  which 
leads  to  cancellation  of  the  sensor  signal  or  re¬ 
duction  of  the  actuator  effectiveness.  A  method 
of  segmenting  distributed  piezoelectric  sensors 
and  actuators  is  proposed  here  to  avoid  this 
problem.  This  method  of  segmenting  distributed 
sensors  and  actuators  is  demonstrated  using  a 
model  developed  for  beam  structures  to  which 
multiple  layers  of  piezoelectric  materials  are  at¬ 
tached.  A  numerical  study  is  performed  in  which 
active  and  passive  damping  of  a  beam  is  in¬ 
creased  using  segmented  piezoelectric  sensors 
and  actuators  over  uniform  sensors  and  actua¬ 
tors. 

I.  INTRODUCTION 

For  the  purposes  of  this  paper,  it  is  necessary  to 
consider  two  definitions  of  distributed  sensing 
and  control.  The  first  definition  of  distributed 
control  is  represented  by  Fig.  1,  which  shows  a 
beam  with  point  forces  or  moments  applied  in 
discrete  locations  over  the  surface  of  the  beam. 


Examples  of  this  type  of  distributed  control 
include  the  use  of  proof-mass  actuators  to 
provide  point  forces  for  controlling  transverse 
beam  vibrations  (Zimmerman,  et.  al.,  1988),  and 
the  use  of  small  piezoceramic  patches  to  provide 
point  moments  also  for  controlling  transverse 
beam  vibrations  (Crawley  and  de  Luis,  1987). 

The  second  definition  of  distributed  control  de¬ 
scribes  situations  where  the  control  force  is  dis¬ 
tributed  over  the  surface  of  the  structure.  This  is 
represented  in  Fig.  2.  An  example  of  this  form 
of  distributed  control  is  the  experiments  per¬ 
formed  by  Burke  and  Hubbard  (1988)  where 
piezoelectric  film  is  used  to  control  transverse 
beam  vibrations  by  applying  a  distributed  mo¬ 
ment  over  the  surface  of  the  beam. 


\ 

F2(t) 

/ _ \ 

^(t) 

/ _ V 

I® 

/ _ ^ 

p4» 

1  1 

Figure  1 .  Discrete  Force  Actuators 


Figure  2.  Distributed  Force  Actuators 


A  similar  difference  in  definitions  of  distributed 
sensing  exist.  The  first  definition  is  represented 
by  discrete  sensors  distributed  over  the  surface  of 
a  structure  as  shown  for  strain  sensors  in  Fig.  3. 
The  second  definition  of  distributed  sensing  de¬ 
scribes  sensing  which  is  distributed  over  the  sur¬ 
face  of  the  structure.  This  definition  is  repre¬ 
sented  by  Fig.  4.  An  example  of  this  type  of 
sensor  is  the  fiber  optic  sensor,  configured  to 
sense  the  surface  strain  of  a  structure  (Blake,  et. 
al.,  1987).  The  resulting  sensor  signal  is  influ¬ 
enced  by  the  strain  at  every  point  along  the  sur¬ 
face  of  the  beam  to  which  it  is  applied. 


Figure  4.  Distributed  Strain  Sensors 


The  second  definition  of  distributed  control  and 
sensing  is  examined  here.  There  are  several  rea¬ 
sons  for  considering  this  form  of  the  distributed 
control  system.  First,  sensors  and  actuators  have 
recently  been  developed  that  allow  physical  im¬ 
plementation  of  this  form  of  distributed  sensing 
and  control.  Examples  of  these  include  fiber  op¬ 
tic  cables  used  for  sensing,  shape  memory  alloys 
such  as  Nitinol  used  for  sensing  and  actuation, 
and  piezoelectric  materials  such  as  poly  vinylidene 
film  also  used  for  sensing  and  actuation.  The  use 
of  each  of  these  materials  for  distributed  sensing 
and/or  distributed  control  has  been  demonstrated 
experimentally. 


Another  reason  for  considering  this  form  of  dis¬ 
tributed  control  is  that  the  problem  of  where  to 
place  discrete  sensors  and  actuators  is  avoided. 
This  is  especially  critical  when  experimental 
testing  methods  are  not  available  to  confirm  the 
mathematical  models  of  the  structures  from 
which  the  control  law  will  be  designed.  The 
proposed  large  flexible  space  structures  are  an 
example  of  this  problem:  it  is  increasingly  diffi¬ 
cult  to  accurately  predict  the  on-orbit  behavior  of 
these  structures  based  on  their  ground  tests. 

The  most  significant  reason  to  consider  this  form 
of  distributed  sensing  and  actuation  is  that  it  al¬ 
lows  an  essential  difference  in  the  solution  of 
control  problems.  The  sensing  signal  and  control 
signal  can  be  represented  by  continuous  func¬ 
tions  rather  than  discrete  functions.  Two  exam¬ 
ples  can  be  cited  where  this  difference  is  ex¬ 
ploited.  In  the  first  example,  a  distributed  sensor 
was  formed  using  piezoelectric  film  (Lee,  et.  al., 
1989).  This  sensor  was  shaped  and  applied  to  a 
beam  such  that  it  sensed  the  strain  resulting  from 
only  the  vibration  of  the  first  mode;  This  is  not 
feasible  using  only  discrete  sensors.  The  second 
example  involves  distributed  actuation  also  using 
piezoelectric  film  distributed  over  the  surface  of  a 
beam  (Burke  and  Hubbard,  1988).  A  set  of 
guidelines  was  produced  for  deciding  the  spatial 
variation  of  the*  piezoelectric  film  which  would 
allow  all  vibrational  modes  to  be  controlled, 
eliminating  the  problem  of  spillover.  Again,  this 
is  not  feasible  using  discrete  actuators. 

A  problem  exists  with  distributed  sensors  which 
sense  a  physical  quantity  over  a  distributed  area 
and  yield  one  signal  representing  the  integration 
of  that  physical  quantity  over  the  area  to  which 
the  sensor  is  applied.  This  problem  is  illustrated 
in  Figure  5,  which  shows  a  generic  distributed 
sensor  measuring  surface  strain  in  a  pinned- 
pinned  beam.  The  beam  is  deflecting  in  its  sec¬ 
ond  mode  shape.  The  output  of  the  sensor  will 
be  zero  in  this  case.  This  full  or  partial  cancella¬ 
tion  of  the  sensing  signal  reduce*s  the  usefulness 
of  distributed  effect  sensors.  A  similar  problem 
exists  with  actuators. 

Several  researchers  have  proposed  solutions  to 
this  problem  by  spatially  weighting  the  sensors 
and  actuators.  In  the  work  by  Burke  and  Hub¬ 
bard,  a  linear  variation  in  the  width  of  the  actua¬ 
tor  bonded  to  the  surface  of  a  beam  was  found  to 


avoid  complete  cancellation  of  the  effectiveness 
of  the  actuator  (1988).  However,  there  will  still 
be  some  cancellation  and  the  efficiency  of  the 
actuator  will  be  reduced.  In  the  work  by  Lee,  et. 
al.,  the  sensor  was  shaped  precisely  to  the  first 
mode  shape  of  the  cantilever  beam,  and  there  was 
no  cancellation  of  the  sensor  signal.  However, 
the  spatial  variation  of  the  sensor  is  set  at  the  time 
of  fabrication,  which  does  not  allow  the  sensor  to 
be  reconfigured  in  cases  where  the  structure  un¬ 
dergoes  changes. 


L 


Figure  5.  Measuring  Strain  in  Second  Mode 


Another  solution  to  the  problem  of  cancellation  of 
the  distributed  sensor  and  actuator  signals  is  pro¬ 
posed  here.  Distributed  piezoelectric  sensors  and 
actuators  are  attached  to  a  structure.  To  avoid 
cancellation,  the  conducting  layers  are  seg¬ 
mented,  and  a  series  of  wires,  one  to  a  segment, 
are  attached.  As  a  result,  each  segment  of  the 
sensor  is  less  likely  to  span  an  area  where  the 
physical  quantity  to  be  measured  has  positive  and 
negative  components  which  cancel.  'Another 
significant  advantage  of  this  approach  is  that  spa¬ 
tial  information  is  available  in  the  sensor  signals, 
and  a  spatial  variation  can  be  implemented  in  the 
applied  actuator  forces.  This  will  be  shown  to 
lead  to  a  more  effective  control  system.  Note  that 
the  sensors  and  actuators  are  fully  distributed 
over  the  surface  of  the  structure,  whale  a  series  of 
discrete  signals  from  the  distributed  sensors,  and 
a  series  of  discrete  control  inputs  to  the  dis¬ 
tributed  actuators  are  available.  Using  the  termi¬ 
nology  utilized  by  Bergman  and  McFarland,  this 
distributed-discrete  system  will  be  termed  a 
"combined  system"  (1988). 

The  objective  of  this  research  is  to  use  multiple 
layers  of  distributed  and  segmented  piezoelectric 
material  to  add  active  damping  to  transverse  beam 
vibrations.  The  approach  is  to  develop  a  model 
for  this  configuration  and  perform  a  numerical 
study  of  simple  feedback  control  to  add  damping 
to  the  structure.  The  analysis  is  general  to  in¬ 


clude  any  piezoelectric  material.  The  model  in¬ 
cludes  structural  damping,  passive  damping  cre¬ 
ated  by  the  external  circuits  connected  to  the 
piezoelectric  feedback  layers,  and  uses  Ti¬ 
moshenko  deformation  theory. 

Piezoelectric  materials  such  as  polyvinylidene 
flouride  film  possess  some  advantages  for  the 
control  of  distributed  parameter  structures,  and 
partly  motivated  this  research.  They  are 
lightweight,  have  low  power  consumption,  and 
can  easily  be  applied  in  a  distributed  manner. 
They  have  no  moving  pans  which  increases  their 
reliability  when  compared  to  conventional  actua¬ 
tors,  and  they  have  a  wide  bandwidth  which  al¬ 
lows  their  use  on  a  variety  of  structures.  Several 
researchers  have  examined  the  use  of  piezoelec¬ 
tric  materials  to  implement  distributed  control 
(Hanagud,  et.  al.,  1985a,  1985b,  and  1987, 
Crawley  and  de  Luis,  1987,  Tzou  and  Tseng, 
1988,  Lee  and  Moon,  1988,  and  Bailey  and 
Hubbard,  1985). 

Several  areas  have  not  been  addressed  in  previ¬ 
ous  work.  First,  all  the  previous  models  use 
Euler-Bemoulli  deformation  theory  rather  than 
Timoshenko  deformation  theory.  Timoshenko 
deformation  theory  is  more  accurate  for  the 
higher  modes  of  a  structure  and  can  be  applied  to 
a  broader  class  of  structures.  Secondly,  previous 
models  neglect  inherent  damping  in  the  structure, 
which  will  lead  to  disagreements  between  exper¬ 
iment  and  theory.  Thirdly,  the  external  circuits  to 
which  the  piezoelectric  materials  are  connected 
are  not  included  in  the  models,  and  it  will  be 
shown  here  that  these  external  circuits  influence 
the  response  of  the  structure.  Finally,  although 
the  piezoelectric  material  is  applied  in  a  dis¬ 
tributed  manner,  it  will  also  be  shown  here  that 
discretizing  the  conducting  surfaces  will  avoid 
the  the  cancellation  of  the  sensor  and  actuator  ef¬ 
fectiveness  documented  earlier. 

The  configuration  to  be  analyzed  is  presented  in 
the  next  section.  The  model  developed  for  this 
configuration  is  presented  next.  The  control  law 
is  then  described.  Several  numerical  examples 
are  presented  to  show  the  effectiveness  of  seg¬ 
menting  the  piezoelectric  layers. 

n.  CONFIGURATION  DESCRIPTION 

The  particular  structure  to  be  analyzed  is  presented 
in  Fig.  6,  and  consists  of  a  viscoelastic  central 


layer  and  four  layers  of  piezoelectric  material  con¬ 
figured  as  a  multilayered  beam.  Each  layer  of 
piezoelectric  material  is  coated  on  both  sides  with  a 
conducting  material.  The  innermost  two  layers  are 
configured  as  feedback  layers  by  segmenting  the 
conducting  surface  adjacent  to  the  central  layer  and 
connecting  each  segment  to  a  series  circuit  consist¬ 
ing  of  an  inductor  and  resistor.  These  external  cir¬ 
cuits  provide  both  an  output  voltage  which  will  be 
proportional  to  strain  rate,  as  well  as  to  provide  a 
mechanism  for  dissipating  energy.  The  resistors 
are  used  to  provide  this  mechanism,  and  the  induc¬ 
tors  are  used  to  give  the  external  circuits  tunable 
dynamics.  This  is  an  extension  of  an  experiment 
performed  by  Forward  (1981)  where  external  cir¬ 
cuits  were  attached  to  piezoceramic  patches  bonded 
to  a  structure  to  add  electronic  damping. 

Due  to  the  ability  of  the  external  circuits  to  add 
passive  damping  to  the  structure,  the  innermost 
layers  can  not  be  termed  sensors,  because  they  in¬ 
fluence  the  response  of  the  structure.  Therefore, 
they  will  be  called  the  feedback  layers. 


Figure  6.  Structure  to  be  analyzed 


The  outermost  two  layers  of  piezoelectric  material 
will  provide  the  actuation.  Note  that  the  conduct¬ 
ing  material  common  to  both  the  feedback  and  ac¬ 
tuation  layers  on  each  side  of  the  beam  is  con¬ 
nected  to  ground.  This  is  done  to  reduce  interfer¬ 
ence  between  the  feedback  and  actuation  layers. 
Also  note  that  the  sensing  and  control  is  distributed 
over  the  surface,  and  by  segmenting  the  outer  con¬ 
ducting  surfaces  a  series  of  sensing  signals  wtil  be 
produced  which  contain  spatial  information. 
Likewise,  a  control  law  can  be  implemented  using 
spatial  information.  This  configuration  is  easy  to 
implement  since  just  the  conducting  surfaces  need 


to  be  segmented.  This  also  allows  a  simpler  anal¬ 
ysis,  since  the  layers  which  influence  the  response 
of  the  beam  are  continuous  along  the  beam  length. 

III.  MODELLING  RESULTS 

To  develop  the  model,  Timoshenko  deformation 
theory  is  used  in  conjunction  with  Hamilton's 
Principle.  The  contribution  to  the  Lagrangian  en¬ 
ergy  and  non-conservative  work  is  found  for  each 
layer.  Taking  a  layer-by-layer  approach  allows  the 
electrical  boundary  conditions  of  the  different 
piezoelectric  layers  to  be  specified.  Summing  up 
the  contributions  from  all  the  layers  as  well  as  the 
external  electric  circuits  and  applying  Hamilton's 
Principle  yields  a  set  of  partial  differential  equa¬ 
tions  and  boundary  conditions. 

There  were  several  assumptions  made  in  develop¬ 
ing  the  model  of  the  structure  First,  the  layers 
were  assumed  to  be  perfectly  bonded.  The  bend¬ 
ing  strain  field  was  assumed  to  vary  linearly 
through  the  cross  section  of  the  multilayered 
structure.  The  internal  energy  dissipation  in  the 
structure  was  assumed  to  be  accurately  represented 
by  the  Kelvin-Voigt  model,  and  that  energy  was 
also  dissipated  by  air  acting  on  the  surface  of  the 
beam,  modelled  as  viscous  damping  Note  that  the 
model  was  kept  general,  for  any  piezoelectric  elas¬ 
tic  material  used  for  the  feedback  and  actuation 
layers,  and  for  any  boundary  conditions. 

The  development  of  this  model  is  thoroughly  doc¬ 
umented  in  Cudney  (1989),  and  Cudney,  et.  al. 
(1989a,  1989b).  The  equations  of  motion  derived 
for  this  structure  are  given  as 

a  .  a 

-  ^  pAw  +  K2GA  (w’  -  \j/)  + 

^  K2CsA(w'  -\j/)  -  Ci  w  +  Q  =  0  (1) 
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where  w  is  the  transverse  displacement  of  the 
beam  and  y  is  the  beam  bending  angle.  The  terms 

pA,  pi,  GA,  and  El  are  composite  terms  for  the 
density,  total  cross  sectional  area,  total  moment  of 
inertia,  shear  modulus  of  elasticity,  and  Youngs' 
modulus  of  elasticity  for  the  structure.  Cs,  Cn, 
and  Ci  are  the  shear  and  normal  strain  and  air 

damping  coefficients,  respectively.  Ki,  K2,  ks, 

and  Ka  are  terms  used  to  account  for  the  nonlinear 
deformation  of  the  cross  section  of  the  structure. 

Ma  and  Ms  are  the  first  moment  of  area  of  the 
lower  actuator  and  sensor  layers  about  the  neutral 
axis,  respectively.  The  piezoelectric  stress-charge 
coefficients  for  the  sensor  and  actuator  layers  are 

given  by  hs  and  ha,  while  (3S  and  pa  are  the  dielec¬ 
tric  impermeabilities  of  the  two  layers.  The  bc 


term  is  the  width  of  the  con  ..oting  surface,  and  Aa 
is  the  cross  sectional  area  of  the  actuator  layer.  L 
is  the  length  of  the  structure,  and  Xj.i  and  xi  are  the 
beginning  and  endpoints  of  the  i*  conducting 
segment.  H  represents  the  Heaviside  step  func¬ 
tion,  cs  is  the  charge  density  of  the  sensor  layer,  • 

and  <f>ai(t)  is  the  voltage  applied  to  the  i*  actuator 
segment.  There  are  n  conductor  segments  for  the 
sensor  layers,  and  m  conductor  segments  for  the 
actuator  layers.  Lj  and  Rj  are  the  i*  inductor  and 
resistor  values.  The  oveniots  represent  differen¬ 
tiation  with  respect  to  time,  and  Q  represents  the 
mechanical  loading  and  disturbance  forces. 

The  terms  set  off  in  boxes  are  the  terms  resulting 
from  the  piezoelectric  action  of  both  the  sensor  and 
actuator  layers.  Note  that  the  forces  applied  by  the 
piezoelectric  actuator  layers  are  represented  by  the 
term  on  the  right  hand  side  of  Eq.  2.  Also  note 
that  these  equations  are  of  a  combined  system,  that 
is,  the  system  is  composed  of  both  distributed  and 
discrete  elements.  Applying  Hamilton's  Principle 
also  yields  a  complete  set  of  boundary  conditions 
given  by, 

*1 

J[-  K2GA(w’  -  y)  -  k2CsA(w'  -  y )] 
to 

L 
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where  the  terms  in  boxes  result  from  the  piezoelec¬ 
tric  action  of  the  outer  layers. 

IV.  CONTROL  LAW  DESCRIPTION 

The  equations  are  discretized  using  the  Ritz- 
Galerkin  procedure,  and  the  resulting  ordinary  dif¬ 
ferential  equations  are  cast  in  state  space  form.  A 
control  law  is  formulated  using  the  voltage  outputs 
of  the  individual  sensor  segments  measured  at  the 
resistor  terminals,  multiplied  by  a  gain,  as  inputs 
to  the  corresponding  actuator  segments.  The  volt¬ 
age  will  be  proportional  to  the  current  through  the 
resistor,  such  that  the  control  law  will  be  the  elec¬ 
trical  analogue  of  velocity  feedback.  A  schematic 
of  the  control  law  is  presented  in  Fig.  7. 


Figure  7.  Schematic  of  the  control  law. 


The  damping  mechanisms  will  be  enhanced  in  the 
structure  both  by  the  passive  energy  dissipation 
through  the  resistor  and  by  active  feedback  of  the 
strain  rate  to  the  piezoelectric  actuators.  Two 
control  laws  are  considered.  In  the  first  case, 
called  the  local  control  case,  the  sensors  and  ac¬ 
tuators  are  collocated.  The  input  to  each  actuator 
is  only  from  the  feedback  layer  segment  adjacent 
to  it.  The  gains  are  calculated  by  finding  the 
maximum  gain  that  does  not  cause  instability  in 
the  electronic  circuit.  For  the  assumed  case  that 
the  number  of  actuators  equals  the  number  of 
sensors,  the  feedback  gain  matrix  is  then  a  diag¬ 
onal,  square  n  by  n  matrix,  where  n  is  the  num¬ 
ber  of  actuators  and  sensors. 

In  the  second  case,  called  global  control,  each  ac¬ 
tuator  segment  receives  information  from  all  the 
feedback  segments.  Note  that  the  structure  is  as¬ 
sumed  to  be  symmetric,  so  that  the  size  of  the  gain 


matrix  is  m  by  n,  where  n  is  the  number  of  sensor 
segments,  and  m  is  the  number  of  actuator  seg¬ 
ments.  The  gains  are  calculated  after  the  model  is 
discretized,  using  the  LQR  algorithm,  where  the  Q 
and  R  matrices  are  adjusted  to  allow  the  electronic 
degrees  of  freedom  to  remain  stable. 

V.  EXAMPLES  AND  RESULTS 

A  numerical  demonstration  of  the  control  law  is 
performed.  The  substructure  properties  are  those 
of  a  pultruded  quasi-isotropic  composite  visco¬ 
elastic  material  shown  to  have  a  high  strength  to 
weight  ratio,  and  which  has  been  investigated  for 
use  in  manufacturing  large  space  structures 
(Wilson  and  Miserentino,  1986).  The  dimensions 
of  the  substructure  are  .25  x  .1  x  .005  meters. 
The  impact  response  of  the  first  four  modes  of  the 
state  space  model  for  this  single  layer  structure  is 
simulated.  The  simulation  is  for  the  structure  with 
pinned-pinned  boundary  conditions,  and  the  im¬ 
pact  is  placed  at  .1L,  and  the  response  is  measured 
at  .9L.  The  uncontrolled  response  of  the  structure 
is  shown  in  Fig.  8.  The  sampling  frequency  was 
8192  Hz.,  and  the  simulation  was  performed  for 
.1  sec.,  using  the  MATLAB  software  package. 


Figure  8.  Uncontrolled  response  (Time  -  sec). 


The  structure  is  then  modified  by  adding  four  lay¬ 
ers  of  polyvinylidene  flouride  film  to  form  the 
structure  represented  by  Fig.  1.  Each  layer  has  a 
thickness  of  220  x  10*6  m,  and  the  resistor  and  in¬ 
ductance  values  are  10  kQ  and  1.0  H,  respec¬ 
tively.  The  conductors  are  segmented  into  four 
sections,  and  the  gains  between  the  sensor  and 
actuator  layers  represented  in  Fig.  2  are  chosen  to 
give  a  stable  response.  A  simulation  of  this  con¬ 
trolled  structure  to  the  same  input  that  was  applied 
to  the  uncontrolled  structure  is  presented  in  Fig.  4. 


Figure  9.  Case  l:Controlled  response  (Time.-  sec). 


The  uncontrolled  and  controlled  damping  ratios  are 
presented  in  Table  1  for  the  local  control  case. 
Compiling  the  results  of  several  simulations,  it 
was  observed  the  control  law  increases  the  damp¬ 
ing  ratios  of  all  the  modes  simulated,  with  the 
greatest  increases  found  in  the  higher  modes. 
Using  segmented  the  conducting  surfaces  yields 
higher  damping  ratios  when  compared  to  previous 
work  using  non-segmented  conducting  surfaces 
(Bailey  and  Hubbard,  1985). 


Uncontrolled 

Controlled 

Mode 

Freq. 

Damping 

Freq. 

Damping 

(Hz.)  (%  Critical)  (Hz.) 

(%  Critical) 

1 

143.52 

0.15 

137.89 

1.65 

0 

** 

572.96 

0.17 

552.66 

5.45 

3 

1285.03 

0.32 

1251.02 

10.15 

4 

2274.35 

0.55 

2169.03 

38.19 

The  simulation  was  repeated  for  the  global  control 
case,  where  the  signal  to  each  actuator  is  com¬ 
posed  of  feedback  from  each  of  the  feedback 
segments.  It  was  found  that  a  higher  penalty 
needed  to  be  assigned  to  the  lower  modes  in  the  Q 
matrix  during  the  calculation  of  the  control  law 
gains.  The  simulation  results  are  shown  in  Fig. 
10,  and  the  calculated  controlled  frequencies  and 
damping  ratios  are  shown  in  Table  2. 

Note  that  the  amount  of  passive  damping  using 
the  polyvinylidene  flouride  film  was  negligible, 
even  when  the  inductors  were  sized  such  that  the 
external  circuits  were  tuned  to  a  natural  frequency 
of  the  structure.  However,  when  the  piezoelectric 
layers  were  given  the  properties  of  piezoceramic 
materials,  the  passive  damping  was  significant. 


Figure  10.  Global  Control  Using  PVDF  (sec). 


Mode 

Frequency 

Damping  Ratio 

(Hz) 

(%  Critical) 

1 

138.60 

10.80 

2 

568.97 

18.71 

3 

1368.70 

34.14 

4 

2315.86 

65.90 

Table  2.  Natural  Frequencies  and  Damping  Ra¬ 
tios  for  the  Global  Control  Case. 


Note  that  the  amount  of  passive  damping  using 
the  polyvinylidene  flouride  film  was  negligible, 
even  when  the  inductors  were  sized  such  that  the 
external  circuits  were  tuned  to  a  natural  frequency 
of  the  structure.  However,  when  the  piezoelectric 
layers  were  given  the  properties  of  piezoceramic 
materials,  the  passive  damping  was  significant. 

YL — CONCLUSIONS 

Using  a  model  developed  for  beams  with  multiple 
layers  of  segmented  piezoelectric  materials  at¬ 
tached,  a  numerical  study  of  passive  and  active 
control  of  the  beam  to  increase  the  damping  was 
performed.  The  results  showed  that  by  segment¬ 
ing  the  conducting  surfaces  of  the  distributed 
piezoelectric  layers,  a  number  of  modes  equal  to 
the  number  of  segments  can  be  controlled.  This 
avoids  the  problem  of  not  being  able  to  control 
certain  modes  due  to  cancellation  of  the  distributed 
sensing  signal  or  the  distributed  actuator  effort. 
In  particular,  control  of  the  second  mode  of  a 
pinned-pinned  beam  was  demonstrated  numeri¬ 
cally,  which  would  not  have  been  possible  with- 


out  segmenting  the  uniform  feedback  and  actua¬ 
tion  layers. 
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Abstract 

The  vibration  of  an  experimental  flexible  space  truss  is  controlled  with  internal  control  forces 
produced  by  several  proof  mass  actuators.  Four  candidate  control  law  strategies  are  evaluated  in 
terms  of  performance  and  robustness.  These  control  laws  are  experimentally  implemented  on  a 
quasi  free-free  planar  truss.  Sensor  and  actuator  dynamics  are  included  in  the  model  such  that  the 
final  closed  loop  system  is  self-equilibrated.  The  first  two  control  laws  considered  are  based  on 
direct  output  feedback  and  consist  of  tuning  the  actuator  feedback  gains  to  the  lowest  mode 
intended  to  receive  damping.  The  first  method  feeds  back  only  the  proof  mass's  position  and 
velocity  relative  to  the  structure,  this  results  in  a  traditional  vibration  absorber.  The  second 
method  includes  the  same  feedback  paths  as  the  first  plus  feedback  of  the  local  structural  velocity. 
The  third  control  law  is  designed  with  robust  H«  control  theory.  The  fourth  control  strategy  is  an 
active  implementation  of  a  viscous  damper,  where  the  actuator  is  configured  to  provide  a  bending 
moment  at  two  points  on  the  structure. 

The  vibration  control  system  is  then  evaluated  in  terms  of  how  it  would  benefit  the  space 
structure's  position  control  system.  This  assessment  is  necessary  since  the  additional  actuator 
dynamics  in  the  model  effectively  adds  two  state  variables  to  the  system  which  could  lead  to 
instabilities  in  the  position  control  system. 

1  Introduction 

Proof  mass  actuators  (PMA's)  have  been  considered  for  use  in  large  space  structure 
vibration  control  systems*.  These  control  systems  are  usually  configured  such  that  the  PMA's 
provide  a  closed  loop  control  force  based  on  the  output  from  a  combination  of  both  colocated  and 
noncolocated  sensors2*3.  The  colocated  sensor  provides  measurements  of  the  position  of  the 
proof  mass  relative  to  the  structure.  A  benefit  of  colocated  control  is  that  stable  control  laws  can 
be  designer’  that  provide  vibration  attenuation  at  the  point  of  actuator  attachment  Several 
experimental  implementations  of  colocated  PMA  control  have  resulted  in  control  laws  that  are 
based  on  the  traditional  vibration  absorber4-5.  In  an  effort  to  gain  increased  vibration  attenuation, 
noncolocated  sensors  provide  actual  structural  vibration  measurements  at  the  point  where 
performance  is  desired.  The  problem  of  designing  a  noncolocated  control  is  constrained  by  the 
requirement  that  the  control  law  must  provide  stable  vibration  suppression  at  sensor  locations  on 
a  flexible  structure  that  is  not  necessarily  well  modeled. 

This  paper  addresses  the  issue  of  the  effective  use  of  the  proof  mass  actuator's  conuol  effort 
towards  the  robust  vibration  suppression  of  a  flexible  unconstrained  planar  frame.  An 
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unconstrained  or  free-free  structure  is  used,  rather  than  a  constrained  or  cantilevered  structure.  It 
is  observed  that  in  some  cases  an  entire  vehicle  will  vibrate  indicating  that  a  constrained  analysis  is 
not  appropriate7’8.  The  approach  taken  is  to  compare  several  control  law  and  actuator-sensor 
combinations  when  the  actuator  provides  a  point  force  on  the  structure.  As  a  counterpoint,  the 
actuator  is  also  mounted  to  the  structure  such  that  the  actuator's  control  effort  provides  both  an 
axial  force  and  a  bending  moment  applied  at  two  points  on  the  structure.  A  control  structure 
interaction  approach  is  undertaken  in  the  sense  that  the  actuator,  sensor,  and  controller  dynamics 
are  included  or  accounted  for  in  the  structural  control  design. 

The  paper  outline  is  as  follows:  Section  1  gives  an  introduction  to  the  control  structure 
interaction  problem  undertaken  here.  The  flexible  structure  control  testbed  is  described  in  Section 
2.  The  PMA  control  law  designs  to  be  compared  are  detailed  in  Section  3.  The  results  of 
experimental  implementation  of  these  control  laws  are  provided  in  Section  4.  The  research  is 
summarized  in  the  final  section. 

2  Hardware  Description 

The  experimental  flexible  structure  is  constructed  such  that  it  exhibits  the  characteristics 
commonly  associated  with  large  flexible  space  structures.  The  structure  is  light  weight,  with  most 
of  its  mass  concentrated  at  the  joints.  There  are  both  colocated  and  noncolocated  sensors  and 
actuators.  The  structure  displays  numerous  modes  of  vibration  that  have  a  low  natural  frequency, 
are  lightly  damped,  and  are  closely  spaced  relative  to  each  other.  A  soft  cable  suspension  system 
is  used  to  simulate  the  free  boundary  conditions  of  space,  and  to  minimize  the  effects  of  attaching 
the  structure  to  ground. 

2.1  Flexible  Structure 

Figure  1  illustrates  the  6-bay,  3  m  long  plane  frame.  The  width  of  the  structure  is  0.5  m, 
and  the  diagonal  dimension  is  0.707  m.  The  frame  is  constructed  from  aluminum  truss  links  and 
joints  manufactured  by  the  Mero  Corporation.  A  truss  link  consists  of  an  aluminum  tube,  with 
nominal  cross  section  dimensions  of  22  mm  0.  D.  and  20  mm  I.  D.,  terminated  in  bolt  assemblies 
which  attach  to  the  truss  nodes.  The  truss  node  is  Mero's  standard  M12  aluminum  node.  The 
links  are  attached  to  the  nodes  and  tightened  with  a  torque  wrench  to  25  in-lb.  The  total  weight  of 
the  structure  is  61  N. 

The  frame  is  suspended  from  the  ceiling  by  two  soft  bungee  cables  2  m  in  length.  It  was 
found  necessary  to  double  up  the  cables  to  support  the  total  weight  of  the  structure  and  actuators. 
The  cables  are  attached  at  nodes  2  and  6.  These  joints  were  chosen  for  the  suspension  points 
since  they  were  nearly  coincident  with  the  nodes  of  the  first  structural  mode  of  vibration,  therefore 
minimizing  the  interaction  of  the  structure  and  its  suspension.  The  electrical  cables  are  suspended 
from  the  ceiling  such  that  they  do  not  carry  the  weight  of  the  structure,  and  the  mass  loading  of  the 
structure  by  these  cables  is  minimized. 

The  dynamic  characteristics  of  this  structure  arc  evident  in  figure  2,  which  shows  an 
experimental  transfer  function  of  node  l's  linear  acceleration  in  the  x  direction  given  an  impact  at 
node  1  in  the  x  direction.  The  modal  properties  of  the  first  8  structural  modes  of  vibration  aie 
given  in  table  1.  The  vibration  of  the  frame  is  characterized  by  flexural  deflection  rather  than  axial 
deflection  that  would  occur  in  a  true  truss  structure.  The  structure  is  sufficiently  long  such  that  the 
low  structural  vibration  modes  are  not  coupled  to  local  member  bending  modes. 

Not  all  of  the  dynamic  characteristics  displayed  in  figure  2  can  be  attributed  to  the  structure, 
rather  the  suspension  provides  a  significant  portion  of  the  response  shown  in  this  test.  Three 
pendulous  modes  at  approximately  1/3  Hz  replaced  the  three  rigid  body  modes  in  the  x-y  plane.  A 
double  pendulum  mode  at  1.2  Hz  replaced  the  rigid  body  rotation  about  the  y  -axis.  Translation  in 
the  z  direction  and  rotation  about  the  x  axis  are  replaced  by  two  translational  vibration  modes  at 
1/2  Hz  which  are  due  to  stretching  of  the  suspension  cables.  The  cables  also  have  transverse 
vibration  modes  that  occur  at  12  Hz,  37  Hz,  and  55  Hz. 


2.1.1  Structural  Model 


A  finite  element  model  of  the  structure  was  constructed  for  use  in  control  design.  The  frame 
links  were  modeled  as  uniform  aluminum  tubes  whose  dimensions  are  the  same  as  the 
manufacturer’s  nominal  specifications.  The  frame  joints  were  modeled  as  rigid.  The  combined 
mass  of  the  joints  and  the  link  bolt  assemblies  were  modeled  as  a  point  mass,  with  zero  rotational 
inertia,  located  at  each  finite  element  node.  Table  2  gives  the  structural  parameters  used  in  the 
finite  element  analysis.  In  order  to  simplify  the  model,  Guyan  reduction  was  used  to  eliminate 
translation  in  both  the  z  and  y  directions,  and  rotations  about  the  x  axis.  Only  motion  out  of  the  y- 
z  plane  is  modeled. 

The  transverse  vibration  of  the  suspension  cables  was  also  modeled,  since  these  vibration 
modes  appear  in  the  control  bandwidth.  Modeling  the  suspension  gave  better  agreement  between 
the  pole-zero  pairs  as  shown  in  figure  2. 

2.2  Proof  Mass  Actuators 

The  proof  mass  actuators  used  are  illustrated  in  figure  3.  These  actuators  were  originally 
developed  at  the  NASA  Langley  Research  Center1.  The  intent  of  this  design  is  that  a  magnetic 
field  is  produced  by  the  permanent  magnets  and  the  iron  in  the  proof  mass  that  is  normal  to  the 
current  flowing  through  conductors  in  the  coil.  This  electromagnetic  coupling  is  then  described 
by  Eq.  1. 


F  =  nil  x  B 


(1) 


I  represents  the  current  carried  in  the  conductor,  n  the  number  of  conductors  in  the  gap,  B  the 
magnetic  field  across  the  gap,  1  the  length  of  the  conductor.  An  average  conductor  length  is  found 
from  the  average  circumference  around  the  coil.  A  useful  control  force  oriented  along  the  axis  of 
the  coil  results  from  this  coupling.  This  force  is  then  applied  to  the  conductors  in  the  coil,  and 
subsequently  the  structure.  The  reaction  of  this  force  is  applied  to  the  proof  mass  and  causes  it  to 
translate  upon  a  linear  bearing.  Hence,  the  PMA  can  be  modeled  as  providing  an  ideal  point  force 
at  the  place  of  attachment  on  the  structure  and  a  reaction  force  on  the  proof  mass.  This  force  is 
taken  to  be  proportional  to  the  current  supplied  to  the  coil.  The  power  amplifier  for  the  actuator  is 
configured  as  a  current  amplifier,  which  provides  a  means  by  which  the  actuator  can  be  controlled 
by  a  voltage  signal.  The  proof  mass  actuator  characteristics  are  given  in  table  3. 

A  complete  model  of  the  PMA  should  also  include  the  dead  mass  and  rotational  inertia 
associated  with  the  actuator.  The  motivation  behind  this  is  that  for  lightweight  structures  the 
actuator's  dead  mass  will  constitute  a  significant  percentage  of  the  total  mass  of  the  structure.  The 
addition  of  a  relatively  large  discrete  mass  to  a  structure  has  the  tendency  to  attract  the  nodes  of  the 
higher  modes  of  vibration  of  the  structure  to  the  point  of  attachment.  This  effect  minimizes  the 
ability  of  a  point  force  to  provide  a  useful  control  force  to  higher  modes  of  vibration.  The 
rotational  inertia  of  the  actuator  used  here  cannot  be  considered  negligible  compared  to  the 
structure.  The  high  actuator  inertia  is  in  part  due  to  the  overall  length  of  actuator  measured  from 
the  base. 

2.2.1  Actuator  Nonlinearities 

There  are  several  nonlinearities  associated  with  the  actuator,  several  of  these  are  better 

described  as  saturation  limits.  The  total  stroke  length  of  the  proof  mass  is  ±0.0127  m.  The 
actuator  produces  a  useful  control  force  only  when  the  proof  mass  is  free  to  translate.  Therefore, 
feedback  of  the  proof  mass  position  relative  to  the  structure  is  used  to  maintain  the  proof  mass  in 


the  center  of  its  stroke.  The  finite  stroke  length  is  the  limiting  factor  for  low  frequency,  large 
amplitude  motions. 

'Die  power  amplifier  used  is  operated  as  a  voltage  controlled  current  amplifier  On  the 
amplifier  there  is  a  current  limiter  that  provides  for  a  saturation  limit  on  the  output.  The  maximum 
output  current  of  the  amplifier  determines  the  maximum  force  output  of  the  actuator.  An  important 
design  tradeoff  here  is  to  determine  how  much  control  effort  should  be  used  towards  the  proof 
mass  centering  force  and  how  much  should  be  available  for  a  control  force  based  on  a 
noncolocated  sensor. 

The  damping  in  the  actuator  is  primarily  due  to  friction  in  the  linear  bearing  and  steel  shaft 
interface.  This  friction  has  been  described  by  a  typical  Coulomb  friction  relation.  The  normal 
load  that  generates  the  friction  force  is  a  combination  of  the  weight  of  the  proof  mass  and  a 
magnetic  force  between  the  permanent  magnets  and  the  steel  shaft  and  ball  bearings.  These 
frictional  effects  further  limit  the  effectiveness  of  the  actuator  at  low  frequencies.  Secondly,  the 
source  of  the  damping  is  important  in  the  sense  that  previously  implemented  PMA  control  laws 
have  relied  upon  available  actuator  damping  to  obtain  closed  loop  stability.  The  problem  is  that  a 
large  portion  of  this  damping  would  not  be  available  in  a  zero-g  environment 

The  electromagnetic  coupling  between  the  coil  and  the  proof  mass  is  described  by  Eq.  1  for 
only  a  portion  of  the  total  stroke.  This  is  illustrated  in  figure  4.  This  plot  shows  the  static  force 
produced  by  the  actuator  for  a  constant  input  current  Ideally  the  actuator  should  output  a  constant 
force  for  a  constant  input  current  independent  of  the  stroke  position.  During  bench  testing  of  the 
actuator,  this  led  to  closed  loop  instability. 

2.2.2  Attachment  to  Structure 

The  structural  equations  of  motion  must  be  modified  to  include  the  actuator  dynamics.  The 
structure  is  originally  described  by  m  degrees  of  freedom  x,  and  if  n  actuators  are  used  then  n 

degrees  of  freedom  represented  by  the  relative  displacements  T|  are  appended  to  the  equations  of 
motion.  Note  that  the  coupling  appears  in  the  mass  matrix  rather  than  the  stiffness  matrix. 


M0i  X  +  Koix=Bfg 

(2a) 

x  =  { Xfem  "H act } T 

(2b) 

v  ,  _  I"  Kfem  Omxn  1 

0  L  Onxm  Onxn  J 

(2c) 

w  r  Mfem  Omxn  1  .  f  ^d  +  Jd  +  Mp  i  Mp2  1 

L  Onxm  Onxn  J  L  Mp2^  rtiplnxn  J 

(2d) 

Md  =  md  diag(0,...,  0,1, 0,0 ,0) 

(2e) 

Jd  =  jd  diag(0,..„  0,0,1,0,....,0) 

(20 

Mpi  =  mp  diag(0,...,  0,1, 0,0, . 0) 

(2g) 

Mp2j  -mp(0,.„,  0,1, 0,0 ,0)T,  j  =  l:n 

(2h) 

3  _  r  Omxn  1 

LgacJnxnJ 

(2i) 

0 J 


2.3  Linear  Variable  Differential  Transformer 

A  linear  variable  differential  transformer  (LVDT)  is  mounted  on  each  PMA  to  provide  a 
measurement  of  the  proof  mass  position  relative  to  the  structure.  The  LVDT  used  is  a  Schaevitz 
Eng.  No.  500.  The  input  voltage  is  selected  such  that  a  displacement  of  ±0.375  inch  produces  ±3 
Volts.  The  sensor  bandwidth  is  0  *  500  Hz.  These  sensors  produce  a  measurement  that  is 
colocated  with  the  control  force. 


2.4  Accelerometers 

The  structural  sensors  are  Kistler  Piezobeam  accelerometers.  The  calibration  is  10  mv/g, 
and  have  a  frequency  range  of  0.5  to  5000  Hz.  An  approximate  integrator  is  then  used  to  integrate 
the  acceleration  signal  to  provide  a  measurement  of  the  structural  velocity2.  The  approximate 
integrator  is  given  by  the  following  input/output  description 


fr)-i  ~2S-2 

1  S2  +  C0cS  +  C0c2 


(3) 


This  approximate  integrator  is  the  combination  of  a  critically  damped  unity  gain  second  order  low 
pass  filter,  and  a  pure  differentiator.  The  low  pass  filter  provides  the  integrating  action,  while  the 
differentiator  removes  the  DC  portion  of  the  input  signal.  The  transfer  function  is  strictly  proper, 
giving  a  state  space  realization  for  either  analog  or  digital  implementation.  This  type  of  integrator 
is  used  in  order  to  avoid  the  integration  of  any  DC  bias  produced  by  the  accelerometer  and 
associated  signal  conditioning. 

2.5  Digital  Controller 

The  digital  controller  used  is  a  Systolic  Systems  Optima  3.  The  input  and  output  voltage 

range  is  ±5  Volts  The  input  channels  are  anti-alias  filtered  and  the  output  channels  are  smooth 
filtered.  The  digital  to  analog  conveners  on  this  system  present  a  practical  design  issue,  since  they 
do  not  saturate.  Rather,  when  the  control  law  produces  an  output  that  exceeds  the  output  range  of 
the  converter  the  conversion  process  wraps  the  desired  signal  value  around  the  available  output 
range.  In  other  words,  if  the  control  law  produces  a  desired  signal  of  6  Volt,  the  D/A  conveners 
will  produce  a  -4  Volt  signal.  The  solution  to  this  problem  used  is  to  place  the  static  controller 
gain  on  the  power  amplifiers.  This  is  fine  for  static  compensators  or  direct  output  feedback  of 
sensor  signals  of  known  and  bounded  signal  strength,  such  as  the  LVDT  output.  For  dynamic 
compensators  this  is  not  necessarily  a  robust  solution.  A  second  solution  would  be  to  place  logic 
statements  in  the  control  software  that  would  provide  saturation  levels.  Such  logic  statements 
would  lower  the  achievable  sampling  rate. 


3  Control  Design 

The  application  of  a  proof  mass  actuator  to  the  control  of  a  simple  flexible  structure  is 
considered  in  this  section.  The  structure  consists  of  one  rigid  body  mode,  and  one  flexible  mode 
of  vibration.  This  problem  is  illustrated  in  figure  5.  This  problem  has  been  proposed  as  a 
benchmark  robust  control  problem14.  The  difference  here  is  that  the  control  force  is  produced  by 
an  actuator  whose  dynamics  cannot  be  ignored.  The  open  loop  equations  for  this  system  are 
given  by 


=  gact|o}fg(t)+|/}d(t)  (4) 
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The  measurement  equations  are  for  the  relative  position,  T|, 

yP  =  KlvdTTI  =  [0  0  Klvdt]  x  (5) 

The  following  values  are  used  for  all  calculations  in  this  section. 

Ms  =  1 

0.5  <  Ks  <  2,  nominally  Ks  =  1 
mp  =  0.2 
md-0 
gact=  1 

Klvdt  =  1 

In  the  following  subsections  several  vibration  control  strategies  are  considered.  The 
effectiveness  of  each  system  is  then  evaluated  by  giving  the  system  an  impact  disturbance  across 
masses  1  and  2,  and  the  response  of  X2  is  measured.  Thus  type  of  disturbance  does  not  excite  the 
system's  rigid  body  mode. 

3.1  Controllability 

The  controllability  of  this  system  is  then  computed  with  standard  techniques9 

rank  [B  AB  A2B  ...  A5b]  =4*6  (6) 

Indicating  that  the  system  is  not  completely  controllable.  The  control  force  produced  by  the 
actuator  should  be  considered  as  a  force  internal  to  the  system,  and  as  such  cannot  change  the 
location  and  motion  of  the  system’s  center  of  mass.  The  lack  of  complete  controllability  is 
because  the  actuator  cannot  control  the  rigid  body  mode  of  the  system.  A  further  explanation  of 
this  is  the  actuator  configured  as  a  point  force  cannot  produce  a  force  at  zero  frequency. 

Therefore,  a  statement  of  the  obvious  is  that  the  actuator  should  be  only  used  for  vibration  control. 
In  other  words  the  actuator  should  be  used  to  give  the  structure  damping.  It  is  also  evident  that  a 
rigid  body  control  system  must  be  designed  for  this  system.  A  design  goal  for  the  vibration 
control  system  is  that  it  should  enhance  the  rigid  body  controller. 

3.2  Observability 

The  observability  of  the  system  is  computed  from 

rank  [C  CA  CA2  ...  CA5]T  =  4*6  (7) 

indicating  that  the  system  is  also  not  completely  observable.  Similar  to  the  previous  section  the 
rigid  body  modes  of  the  system  are  not  observable. 


3.3  Vibration  Absorber 


The  first  control  law  considered  is  direct  feedback  of  the  relative  proof  mass  position,  q,  and 
velocity,  fj.  This  is  considered  a  colocated  design,  since  the  resulting  closed  loop  stiffness  and 
damping  matrices  are  symmetric.  Although  the  LVDT  measures  the  position  tj  only,  it  is  assumed 

that  t]  is  available  from  a  lead  network  or  digital  derivative.  This  type  of  feedback  compensation 
is  a  proportional  plus  derivative  control.  Equivalently,  this  type  of  control  may  also  be  thought  of 
as  designing  an  actuator  spring  stiffness,  ka,  and  viscous  damper,  ca.  One  criterion  for  Lhe  choice 
of  the  feedback  gains,  ka  and  ca,  is  that  used  to  design  a  passive  vibration  absorber10*1  M.  The 
actuator  spring  stiffness  is  found  from 
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M-a  =  mp^ij)2 
ka  =  gactKposKLVDT 
Ca  =  gactKvelKLVDT 
(Dj  -  frequency  of  interest,  ith  mode 

4>ij  -  jth  degree  of  freedom,  eigenvector  of  the  ith  mode,  normalized  with  respect  to  the  mass 
matrix 


The  resulting  closed  loop  equations  of  motion  are  then 
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Alternatively,  the  feedback  gains  can  be  calculated  from  the  following  quadratic  cost  function11 


oo 

oo 

J  =  E 

J  dt 

=  E 

J  zTQz  dt 

(11) 


This  system  is  stable  provided  that  the  feedback  gains,  ka  and  ca,  are  positive.  The  constant 
gain  feedback  of  sensor  signals  that  are  colocated  with  an  actuator  does  not  destabilize  the  system. 
The  colocation  of  sensors  and  actuators  is  evidenced  by  the  symmetric  closed  loop  stiffness  and 
damping  matrices. 

The  spring  stiffness  and  damping  coefficient  for  this  example  are  calculated  to  be 

ka  =  0.331 
-  ca  "0.-17-3 - 

C<x= 


The  response  of  X2  for  the  given  disturbance  is  shown  in  figure  7.  The  responses  shown  are 
calculated  for  the  minimum,  maximum  and  nominal  value  for  the  structural  spring  stiffness,  Ks. 
The  vibration  control  system's  performance  when  Ks  is  increased  to  its  maximum  value  is 
comparable  to  its  performance  for  the  nominal  value  of  Ks.  On  the  other  hand,  when  Ks  is 
allowed  to  decrease  to  its  minimum  the  performance  of  the  system  is  diminished. 

The  performance  of  this  type  of  control  is  explained  in  a  control  system  sense  as  a  pole-zero 
cancellation.  The  second  order  dynamics  of  the  PMA  add  a  pole  and  a  zero  to  the  system,  which 
will  be  less  that  the  structure's  pole  and  zero.  The  zero  associated  with  the  structure  will  appear  in 
between  the  actuator  pole  and  die  structural  pole.  These  poles  are  closely  spaced,  since  the  mass 

ratio,  |ia,  is  usually  small.  Hence,  the  structural  zero  will  iend  to  cancel  either  the  actuator  or  the 
strucmral  pole,  depending  on  sensor  and  actuator  placement.  Because  this  type  of  control  relies 
upon  pole  zero  cancellation  its  effectiveness  for  more  than  one  mode  of  vibration  is  limited. 

3.4  Direct  Velocity  Feedback 

The  second  control  strategy  considered  consists  of  direct  structural  velocity  feedback13.  The 
idea  being  that  the  actuator  will  provide  a  force  at  a  given  point  on  the  structure  that  is  directly 
proportional  and  opposite  in  direction  to  the  structure's  velocity  at  that  point.  It  is  pointed  that  the 
control  force  is  determined  on  the  basis  of  both  a  colocated  and  a  noncolocated  sensor.  Therefore, 
the  stability  of  the  closed  loop  system  must  be  considered.  The  difficulty  here  is  the  design  of  the 
feedback  compensator  to  provide  the  proof  mass  centering  force.  The  control  force  is  given  as 

fg(t)=  c  X2  -  f(T|)  (12) 

where  f(rj)  represents  the  output  of  the  feedback  compensator. 

In  the  following  subsections  the  velocity  feedback  gain,  c,  is  held  constant  and  two  feedback 

compensators  for  q  are  designed.  The  value  used  for  the  feedback  gain  c  is 
c  =  0.5 

3.4. 1  Direct  Output  Feedback 

In  this  section  a  proportional  plus  derivative  compensator  is  designed  for  the  feedback  of  the 

proof  mass  relative  position,  q.  Again,  this  type  of  control  may  be  thought  of  as  determining  an 
equivalent  actuator  spring  stiffness,  ka,  and  viscous  damper,  ca.  The  control  force  is 


fg(t)=  c  X2  -  M  -  caq 
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The  closed  loop  equations  of  motion  for  this  system  are  then 
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This  is  a  noncolocated  control  system,  and  as  such  its  stability  is  in  question.  The  characteristic 
equation  for  this  system  is  evaluated  to  be 
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Applying  the  Routh-Hurwitz  test  to  portion  of  the  characteristic  equation  inside  the  brackets  the 
following  stability  relation  is  obtained,  assuming  that  each  individual  parameter  is  positive 


(c i  +  2cac  +  c2)  Kfm2  +  [2(c|  +  cac)Kf  +  (-cac  -  c2)  Kska]Msmp 


-  cacKskaM|  >  0  (16) 

When  the  actuator  damping  is  held  at  zero,  i.  e.  ca  =  0,  Eq.13  reduces  to 


(17) 


In  other  words,  the  actuator  natural  frequency  should  be  less  than  the  structure's  natural  frequency 
of  vibration.  Also,  note  that  the  velocity  feedback  gain,  c,  is  not  present  in  Eq.  14.  Figure  6 
illustrates  the  stability  boundary  of  ka  for  a  range  of  both  ca  and  c,  for  the  nominal  spring  stiffness 
Ks.  Actuator  spring  stiffnesses  below  this  boundary  result  in  a  stable  system.  The  smallest  stable 
ka  in  figure  6  occurs  for  ca  =  0,  independent  of  c.  Also,  the  surface  is  relatively  flat  over  most  of 
the  range  of  ca  and  c,  indicating  that  in  this  case  stability  is  insensitive  to  actuator  damping.  In 
order  to  ensure  stability  robustness  against  the  permissible  variations  in  the  structural  spring 
stiffness,  Ks,  the  minimum  permitted  value  should  be  used  as  the  nominal  of  design  value. 

The  feedback  gains,  ka  and  ca,  are  determined  by  following  the  same  optimization  strategy 
that  was  outlined  in  the  previous  section12.  For  this  example  ka  and  ca  are  found  to  be 


ka  =  0.105 
ca  =  -0.0027 


The  performance  of  this  system  is  illustrated  in  figure  8.  The  system's  settling  time  for  both  the 
nominal  and  maximum  spring  stiffnesses  is  less  than  that  of  the  vibration  absorber  design. 
Although  it  is  not  apparent  in  this  figure,  when  Ks  is  varied  to  its  minimum  value  the  system 
becomes  unstable. 

Following  this  strategy  the  actuator  spring  stiffness  is  found  to  be  less  than  the  vibration 
absorber  spring  stiffness.  Performance  is  improved  with  an  increased  feedback  gain  c.  In 
comparison  to  the  vibration  absorber  system  the  proof  mass  here  exhibits  more  relative  motion 
and  does  more  work  on  the  structure. 

3.4.2  Robust  Control  Design 

An  anempt  to  design  a  compensator  for  the  feedback  of  the  relative  position,  rj,  using  an  H« 
robust  control  design  technique  was  unsuccessful.  The  system  rigid  body  modes  were  first 
removed  from  the  state  space  equations  of  motion  by  model  reduction.  The  rigid  body  mode 
associated  with  the  proof  mass  was  retained  in  the  system  equations,  since  it  is  this  output  that  the 
compensator  is  being  designed  to  control.  The  H«  design  procedure  failed  because  there  was  a 

plant  pole  on  the  jco-axis  which  then  produces  a  closed  loop  pole  also  on  the  jco-axis. 


3.5  Passive  Damper 

As  a  counterpoint  to  the  above  control  designs  the  actuator  is  also  configured  to  act  as  a 
passive  linear  damper  which  applies  a  bending  moment  at  two  locations  on  the  structure,  as 

shown  in  figure  10.  Only  feedback  of  the  proof  mass  relative  velocity,  Y]  is  used  here.  In  other 
words  this  is  direct  velocity  feedback.  A  proof  mass  centering  force  is  not  required  since  this  is 
provided  for  by  the  structure  and  fixturing.  The  actuator  can  be  attached  at  nonadjacent  joint 
locations  to  better  distribute  the  control  effort  to  low  frequency  modes. 

4  Experimental  Implementation 

The  experimental  implementation  of  the  control  laws  considered  above  is  addressed  in  this 
section.  An  impact  is  given  to  the  structure  at  node  1  in  the  x  direction  and  the  structure's 
acceleration  is  measured  at  node  4  also  in  the  x  direction.  Each  response  is  filtered  with  a  25  Hz 
low  pass  filter  to  give  a  cleaner  picture  of  the  actuator's  effect  The  resulting  settling  time  for  each 
test  is  used  as  a  measure  of  control  law  performance.  The  actuator  location  is  chosen  in  order  to 
provide  the  greatest  effect  on  the  first  vibration  mode.  The  control  laws  are  implemented  digitally, 
with  the  sampling  rate  for  each  set  at  4000Hz.  As  a  basis  for  comparison  the  response  of  the 
uncontrolled  structure  is  shown  in  figure  10.  The  settling  time  for  this  test  is  greater  than  3.5 
seconds.  It  is  also  evident  that  the  structure  must  be  considered  more  complicated  than  a  single 
degree  of  freedom. 

The  vibration  absorber  was  designed  to  provide  damping  to  the  first  mode  whose  frequency 
is  shifted  to  5.8  Hz  when  the  actuator  dead  mass  and  inertia  are  added.  The  actuator  is  placed  at 
node  4.  The  result  of  this  implementation  is  illustrated  in  figure  11.  It  is  seen  here  that  the  settling 
time  is  reduced  in  comparison  to  the  uncontrolled  structure,  but  is  greater  than  2.5  seconds. 

When  the  actuator  was  tuned  to  the  second  mode  at  approximately  12  Hz  the  actuator  was  made 
unstable.  This  is  a  result  of  the  nonlinear  electromagnetic  coupling  of  the  coil  and  permanent 
magnets. 

The  effect  of  adding  structural  velocity  feedback  is  shown  in  figure  12.  The  acceleration  of 
node  4  is  integrated  by  the  approximate  integrator  given  in  Eq.  3.  The  cutoff  frequency  for  the 
integrator  is  1  Hz.  Following  the  stability  guideline  for  this  case  the  actuator  spring  stiffness  is 
kept  low  such  that  the  actuator  frequency  is  below  that  of  the  first  mode  of  vibration.  The  settling 
time  for  this  case  is  an  improvement  from  the  vibration  absorber.  Figure  12  displays  a  signal  of 
approximately  1  Hz,  which  is  the  double  pendulum  mode  of  the  structure  suspension  system. 
Closed  loop  instability  for  this  set  of  feedback  paths  resulted  when  the  magnitude  of  the 
disturbance  impact  caused  the  proof  mass  to  hit  the  end  of  its  stroke.  These  resulting  impacts 
caused  the  accelerometer  to  overload  which  subsequently  made  the  control  computer  overflow 
which  induced  the  more  proof  mass  impacts. 

Figure  13  illustrates  that  the  viscous  damper  implementation  has  an  effect  comparable  to  that 
of  using  structural  velocity  feedback.  Although,  there  is  more  second  mode  behavior  for  this 
case.  The  actuator  was  attached  at  nodes  3  and  5.  In  comparison  to  the  point  force  application  of 
the  actuator  where  the  proof  mass  uses  the  entire  stroke  length,  t^e  travel  of  the  proof  mass  here  is 
at  most  0.25  in. 

5  Conclusions 

Several  structural  vibration  control  laws  have  been  considered  analytically  and  implemented 
experimentally.  Two  of  these  control  strategies  are  essentially  active  implementations  of  passive 
control  concepts,  namely  the  viscous  damper  and  the  vibration  absorber.  The  feedback  of  the 
local  structural  velocity  is  an  active  control  idea.  A  control  structure  interaction  approach  was 
taken  in  the  sense  that  the  actuator  dynamics  were  included  in  the  control  design,  and  that  there  are 
several  nonlinearities  in  the  closed  loop  system  that  can  lead  to  instability. 
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Mode# 

MSB 

Damping 
Ratio  (%) 

MSC/PAL 

Natural 

JFrecjuenc^f^ 

1 

wKEEmm 

1 

6.4 

™  6.5  1 

1st  bending 

2 

15.1 

15.6 

1st  torsional 

3 

17.7 

0.010 

17.7 

2nd  bending 

4 

29.6 

0.018 

29.9 

2nd  torsional  i 

5 

35.4 

0.025 

35.2 

3rd  bending 

6 

45.6 

0.014 

45.2 

3rd  torsional 

7 

58.0 

0.026 

55.6 

4th  bending 

8 

63.3 

0.022 

60.8 

4th  torsional 

Table  1:  Modal  Properties  of  Flexible  Structure 


Link  0.  D. 

do 

22  mm 

Link  I.  D. 

di 

20  mm 

Density 

P 

2.45xl03  kg/m3 

Elastic  modulus 

E 

70  GPa 

Shear  modulus 

G 

26  GPa 

Joint  mass 

mj 

mb 

0.0759  kg 

Bolt  mass 

0.0578  kg 

Table  2:  Structure  link  and  joint  characteristics 


Proof  mass 
Dead  mass 
Dead  inertia 
Force  constant 
Friction  coefficient 


mp 

0.225  kg 

md 

0.730  kg 

jd 

0.008  kg-m 

gact 

2.75  N/A 

M- 

0.01 

Table  3:  Linear  Proof  Mass  Actuator  Properties 
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Total  Mass  -  6.25  Kg 


Figure  1:  Experimental  Flexible  Structure 


Figure  2b:  Analytical  Frequency  Response 


Figure  4:  Static  force  versus  proof  mass  position,  coil  current  constant 
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Figure  5:  Free  single  mode  structure  with  proof  mass  actuator 
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Figure  6:  Constant  feedback  gain  stability  map 
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Figure  7:  X2  response  to  disturbance  for  minimum,  maximum,  and  nominal  K$,  vibration  absorber 
design. 


Figure  8:X2  response  to  disturbance  for  minimum,  maximum,  and  nominal  Ks,  with  structural 
velocity  feedback. 


Figure  9:  Viscous  damper  configuration 
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Figure  10:  Response  of  uncontrolled  structure. 
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Figure  11:  Response  of  structure,  vibration  absorber  design. 
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Figure  12:  Response  of  structure,  direct  velocity  feedback. 
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Figure  13:  Response  of  structure,  viscous  damper. 
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Abstract 

A  flexible  structure  was  modelled  and  actively  controlled  by  using  a  single  space  realizable 
linear  proof  mass  actuator.  The  NASA/UVA/UB  actuator  was  attached  to  a  flexible  planar  truss  \ 
structure  at  an  "optimal”  location  and  it  was  considered  as  both  passive  and  active  device.  The  \ 
placement  of  the  actuator  was  specified  by  examining  the  eigenvalues  of  the  modified  model  that 
included  the  actuator  dynamics,  and  the  frequency  response  functions  of  the  modified  system.  The 
electronic  stiffness  of  the  actuator  was  specified,  such  that  the  proof  mass  actuator  system  was 
tuned  to  the  fourth  structural  mode  of  the  truss  by  using  traditional  vibration  absorber  design.  The 
active  control  law  was  limited  to  velocity  feedback  by  integrating  of  the  signals  of  two 
accelerometers  attached  to  the  structure.  The  two  lower  modes  of  the  closed-loop  structure  were 
placed  further  in  the  LHS  of  the  complex  plane.  The  theoretically  predicted  passive  and  active 
control  law  was  experimentally  verified. 

1.  Introduction 

Large  continuous  structures,  like  space  structures  tend  to  have  tight  restrictions  on  the 
actual  response  of  the  structure.  A  passive  or  active  control  design  is  often  necessary  for  the 
structure  to  satisfy  the  desired  response  restrictions.  The  success  of  the  passive  and  active  control 
design  is  based  on  the  accuracy  of  the  model  that  describes  the  dynamic  characteristics  of  the 
structure.  Flexible  distributed  parameter  systems  can  be  successfully  modelled  by  finite  element 
analysis  1.  This  category  of  structures  is  lightly  damped  and  tends  to  have  most  of  its  mass 
concentrated  at  the  joints  2.  Their  natural  frequencies  are  low  and  appear  in  closely  spaced  groups. 
The  finite  element  model  of  the  structure  that  consists  of  a  mass  and  a  stiffness  matrix,  can  be 
reduced  by  traditional  model  reduction  techniques  by  eliminating  the  insignificant  displacements  at 
the  nodal  points  3.  The  dissipation  energy  of  the  system  can  be  modelled  by  constructing  a  system 
damping  matrix,  by  assuming  a  normal  mode  system  4,  and  by  using  the  damping  ratios  obtained 

experimentally  from  modal  parameter  estimation  methods  6, 7,  jn  the  case  where  the 

discrepancy  between  the  analytical  model  and  the  experimentally  obtained  modal  model  is 
significant,  the  reduced  order  analytical  damped  model  can  be  further  modified  8,  such  that  it  is  in 
agreement  with  the  experimental  natural  frequencies,  damping  ratios  and  mode  shapes 
8,9,10,1 1,12,13  it  js  important  to  realize  that  the  design  of  the  "optimal”  control  is  based  on  the 
modified  reduced  order  model,  but  it  is  actually  applied  to  the  real  structure.  Therefore,  the  model 
improvement  mentioned  above,  becomes  very  important  and  its  accuracy  is  vital  in  the  success  of 
the  design  of  the  control  law. 

The  structure  used  here,  is  a  planar  truss  constructed  with  space  realizable  links  and  joints 
in  the  configuration  presented  in  fig.  1.  The  truss  is  lightly  damped  and  has  the  behavior  of  a  large 
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space  structure,  with  most  of  its  mass  concentrated  at  the  joints  2.  It  possesses  low  resonant 
frequencies  that  appear  in  closely  spaced  groups  and  has  both  translational  and  rotational  modes  of 
vibration. 

The  structure  is  passively  and  actively  controlled  by  a  single  actuator.  The  actuator  used  in 
this  experiment  is  the  NASA/UVA/UB  proof  mass  actuator  system.  The  actuator  dynamics  are 
taken  into  consideration  and  a  global  model  is  constructed  which  includes  both  the  structure  and  the 
actuator  dynamics  14,15.  The  location  of  the  actuator  is  specified  16,17  by  examining  the 
eigenvalues  of  the  uncontrolled  global  model  and  the  frequency  response  functions  of  the  global 
system.  The  actuator  is  considered  as  both  a  passive  and  an  active  device  with  two  design 
variables,  its  electronic  stiffness  and  the  generated  force.  The  electronic  stiffness  is  specified  such 
that  the  actuator  proof-mass-electronic-spring  system  is  tuned  to  one  of  the  structural  modes  of  the 
truss  by  using  traditional  vibration  absorber  design  18,19,20.  The  generated  force  of  the  actuator 
is  specified  by  using  output  feedback  techniques.  Here,  the  active  control  law  was  limited  to 
velocity  feedback  by  integrating  the  signals  of  two  accelerometers  attached  to  the  structure.  The 
objective  is  to  move  the  two  lower  modes  of  the  closed-loop  structure  further  in  the  LHS  of  the 
complex  plane  and  at  the  same  time  maintain  stability  of  the  closed-loop  system  21,22.  The 
theoretically  predicted  passive  and  active  control  law  are  experimentally  implemented  and  the 
results  are  evaluated. 

2.  Modeling 

2.1  Construction  of  the  Finite  Element  Model 

The  finite  element  model  of  the  structure  was  constructed  by  using  the  commercially 
available  MSCVPAL  package  for  dynamic  modeling.  The  structure  weighed  7.335  Kg  and  was 
constructed  with  links  and  joints,  mainly  made  of  aluminum  alloy.  The  density  of  the  material  was 
measured  experimentally  by  using  standard  techniques.  The  Young’s  modulus  of  aluminum  alloy 
was  used,  since  the  links  and  joints  are  mainly  constructed  with  this  material.  The  nodal  points  of 
the  finite  element  model  coincide  with  the  location  of  the  joints  of  the  structure.  Every  nodal  point 
was  allowed  to  have  three  degrees  of  freedom,  that  is  translation  in  the  z-axis  and  rotations  about 
the  x  and  y-axis  resulting  in  a  48-degree-of- freedom  model  (see  Fig.  1).  The  boundary  conditions 
were  assumed  to  be  clamped  for  nodes  15  and  16  and  free  for  the  rest  of  the  nodes,  since  the 
structure  was  supported  as  illustrated  in  fig.  1.  After  the  boundary  conditions  were  applied  the  final 
model  was  a  42-degree-of-freedom  model. 

2.2  Mass  Distribution 

The  mass  distribution  of  a  non-uniform  structure  is  a  problem,  that  should  by  no  means  be 
ignored.  Here,  two  approaches  were  used.  The  first  approach  was  to  calculate  an  equivalent 
internal  diameter  of  the  hollow  links,  such  that  the  links  had  the  measured  mass.  The  links  were 
treated  as  uniform  hollow  tubes  constructed  with  aluminum  alloy  with  an  equivalent  length  of 
0.5m.  The  joints  were  modelled  as  a  concentrated  mass  at  the  particular  location  and  are  treated  as 
rigid.  The  natural  frequencies  of  this  model  were  calculated  and  are  presented  in  table  1.  The 
results  were  considered  unsatisfactory  and  one  of  the  links  was  disassembled  for  more  insight  to 
the  mass  distribution  of  the  link.  In  the  second  approach,  the  real  internal  diameter  of  the  links  was 
used  and  the  excessive  mass  was  distributed  to  the  nodes  accordingly.  The  resulting  natural 
frequencies  of  the  model  are  compared  to  the  experimental  results  in  table  1.  The  finite  element 
model  was  constructed  using  a  finer  grid  which  include  more  nodal  points,  specifically  an 
additional  nodal  point  at  the  mid-point  of  each  link.  The  resulting  model  after  the  boundary 
conditions  were  applied  was  a  126-degree*of- freedom  model. 

It  can  be  concluded  that  the  45-node(126-do0  model  is  not  significantly  better  than  the  16- 
node(42-dof)  model  in  predicting  the  first  fourteen  natural  frequencies.  Therefore,  it  was  found 
unnecessary  to  use  the  45-node(126-dof)  model  in  the  determination  of  the  control  design  of  the 
structure,  since  the  16-node(42-dof)  model  was  as  accurate. 


Table  1  :  Comparison  of  the  theoretical  and  experimental  natural  frequencies  of 
the  structure. 


FEM 

Uniform  mass  distribution  Corrected  mass  distribution 

42dof  42do?  126doF  RdoF 

SDOF  analysis 

Frequency  in  Hz 

1 

1.38 

1.045 

1.048 

1.039 

1.07 

2 

4.56 

3.467 

3.468 

3.469 

3.54 

3 

10.88 

8.050 

8.050 

8.051 

7.94 

4 

26.98 

19.894 

19.894 

19.902 

- 

5 

29.68 

21.746 

21.748 

21.750 

- 

6 

30.94 

22.077 

22.074 

22.087 

22.54 

7 

42.63 

30.468 

30.472 

30.477 

32.61 

8 

53.79 

39.268 

39.252 

39.326 

40.35 

9 

68.46 

48.524 

48.521 

48.552 

. 

10 

72.61 

51.746 

51.704 

51.842 

52.51 

11 

82.93 

58.645 

58.629 

58.718 

61.41 

12 

101.93 

71.169 

71.116 

71.275 

65.62 

13 

102.88 

72.090 

72.039 

72.285 

78.24 

14 

116.52 

80.741 

80.610 

80.920 

91.74 

15 

236.64 

219.856 

183.903 

- 

187.13. 

2.3  Model  Reduction 

Most  of  the  control  algorithms  are  designed  for  first  order  systems.  Transforming  the  16- 
node(42-dof)  model  in  the  state  space  results  in  a  84-dof  state  space  matrix.  This  matrix  is  quite 
large,  and  it  was  found  that  it  is  difficult  to  manipulate  in  vibration  prediction,  and  control 
algorithms.  Therefore,  it  was  necessary  to  reduce  the  order  of  the  model  before  performing  control 
analysis  and  designing  a  control  law.  From  the  configuration  of  the  model  the  rotational  degrees  of 
freedom  can  be  considered  as  less  significant  than  the  translational  ones,  and  can  be  eliminated 
from  the  model  by  using  the  Guyan  reduction  method  3.  The  resulting  reduced  order  model  is  a 
14-dof  model.  Eigenvalue  analysis  of  this  model  showed  that  this  model  maintained  the  first 
fourteen  natural  frequencies  of  the  larger  model  quite  accurately.  The  damping  ratios  determined 
from  the  modal  test  were  used  in  the  construction  of  the  system’s  damping  matrix,  by  assuming 
that  the  system  exhibited  normal  mode  behavior.  The  damping  matrix  is  calculated  by  the 
following  equation: 

D  =  MUFdiag(2Citoi)UF->  (1) 

where  UFis  the  eigenvector  matrix  of  M'^K,  and  Cjare  the  experimentally  obtained  damping 
ratios.  The  final  reduced  order  model  is  described  by  the  following  equation: 

Mq(t)  +Dq(t)  +  Kq(t)  =  0  (2) 

This  equation  describes  only  the  dynamic  characteristics  of  the  structure.  The  actuator  dynamics 
were  considered  important  and  they  were  included  in  the  dynamic  model. 

2.4  Actuator  Dynamics 

The  actuator  that  was  used  in  this  experiment  was  the  NASA/UVA/UB  proof  mass 
actuator,  presented  in  fig.2.  The  actuator  system  is  comprised  of  a  movable  proof  mass  (mprf  = 
0.225Kg),  a  fixed  coil  that  applies  an  electromagnetic  force  on  the  proof  mass,  an  analog  interface 
board,  a  power  amplifier  and  a  linear  variable  differential  transformer  (LVDT)  sensor.  The  LVDT 
transducer  is  an  electromechanical  transducer  that  measures  the  relative  position  of  the  proof  mass 
with  respect  to  the  actuator  housing.  The  actuator  can  be  modelled  as  single  degree  of  freedom 
mass-spring  system,  with  a  variable  electronic  stiffness  and  the  ability  to  apply  a  force  on  the 


structure  at  the  attachment  point.  An  equal  and  opposite  force  is  applied  on  the  proof  mass  of  the 
actuator.  The  actuator  is  space-realizable  in  the  sense  that  it  does  not  have  to  be  attached  to  the 
ground.  The  equations  of  motion  are  written  by  taking  into  account  the  actuator  dynamics^. 
Let’s  assume  that  the  actuator  is  attached  to  the  structure  at  the  ith  nodal  point.  The  global  system 
that  includes  both  the  structure  and  the  actuator  dynamics,  is  of  higher  order,  equal  to  the  order  of 
the  original  system  plus  the  order  of  the  actuator  dynamics,  and  it  is  described  by: 


rM, 

0 


°ir.«i+ 

mprfJ  L^prf. 
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r  .  1 

rKj  0  -1 
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"Cact 

0 
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+ 

'Kict 

0 

[v] 

1 

0 

‘Cact®  Cact- 
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-  0  *^act  0  ^act- 

.-1. 

(3a) 


where  qprf  is  the  displacement  of  the  proof  mass  (m^),  the  scalars  k^and  c^are  the  stiffness  and 
damping  of  the  electronic  spring  of  the  actuator,  11^  is  the  parasitic  mass  of  the  actuator,  fg  is 
force  generated  by  the  actuator,  and  the  matrices  Mj  ,D1  and  K{  are  the  following  matrices: 

Mj  =  M  +  mpardiag[0,...,0,l,0,...,0]  (3b) 

Kj  =  K  +  kactdiag[0,...,0,l,0,...,0]  (3c) 

Dj  -  D  +  cactdiag[0,...,0,l,0,...,0]  (3d) 

This  is  referred  to  as  the  open-loop  system  and  the  mass,  damping  and  stiffness  matrices  are 
denoted  by  subscript  (0L)  for  convenience.  Note  that  the  non-zero  elements  correspond  to  the  ith 
row  01/and  column  of  die  particular  matrix  or  vector  of  the  previous  set  of  equations.  The  force  fg 
is  the  actuator-generated  force  applied  on  the  structure.  The  electronic  stiffness  of  the  actuator  can 
be  selected  in  a  variety  of  ways  for  various  design  approaches. 


3.  Passive  Control  Design 

3.1  Structural  Modification  Design 

The  parasitic  mass  of  the  actuator  housing  has  the  same  effect  as  adding  a  dead  parasitic 
mass  at  the  point  of  attachment.  Increasing  the  mass  of  the  structure  is  a  structural  modification, 
with  the  direct  effect  of  reducing  the  lower  natural  frequencies  of  the  system.  The  natural 
frequencies  of  the  new  model  with  the  dead  mass  were  examined  both  theoretically  and 
experimentally,  and  the  results  are  tabulated  in  table  2.  The  experimental  results  are  presented  in 
the  form  of  point  and  transfer  inertance  (transfer  function)  plots.  The  transfer  function  of  nodes  1 
and  8,  of  both  the  original  structure  and  the  modified  structure  are  presented  in  fig,3  and  fig.4 
respectively.  The  effect  of  attaching  the  PMA  (inactive)  was  also  examined.  This  configuration  is 
equivalent  of  having  a  dead  mass  equal  to  the  parasitic  mass  of  the  actuator  housing  plus  the  proof 
mass.  However,  when  the  actuators  electronic  stiffness  is  activated,  the  proof  mass  becomes  an 
additional  degree  of  freedom,  and  it  is  not  part  of  the  parasitic  mass  any  longer. 

The  results  indicate  that  the  modified  structure  has  lower  natural  frequencies  than  the 
original  structure.  This  is  true  for  the  first  five  structural  modes  as  indicated  in  the  table  above. 
The  experimental  frequency  response  plots  show  that  the  level  of  the  vibration  response  was 
reduced  considerably,  especially  in  the  lower  frequency  region. 

If  the  design  methodology  was  limited  to  structural  modification,  it  will  be  considered 
necessary  to  examine  the  effect  of  adding  the  dead  mass  at  different  nodal  points.  The  results  are 
presented  in  table  3.  The  design  criterion  that  was  used  to  place  the  actuator  was  to  reduce  the 
overall  vibration  level  at  node  1,  because  a  sensitive  device  will  be  attached  at  that  point.  The 
actuator  cannot  be  placed  at  node  1  because  there  is  no  room.  Note  that  different  design  criterion 
results  in  different  locations  of  the  .'ctuator.  Placing  the  actuator  at  node  10  doesn’t  reduce  the 
vibration  at  node  1  at  all.  Nodes  2,  3,  and  4  have  the  same  effect  in  reducing  the  vibration  level  of 
node  1.  But  the  first  structural  mode  is  shifted  at  0.92  Hz.  This  was  considered  undesirable 
because  it  is  hard  to  control  the  low  frequencies  by  active  control.  Placing  the  actuator  at  nodes  6,7 
and  8  has  the  same  effect  in  reducing  the  vibration  level  of  node  1  and  the  first  structural  mode  is 
not  shifted  considerably.  Therefore,  any  of  nodes  6,7,  and  8  can  be  used  as  an  "optimal”  location 
of  the  actuator.  The  results  that  follow  are  for  placing  die  actuator  at  node  8. 


Table  2  :  Comparison  of  the  theoretical  and  experimental  natural  frequencies  of 


the  structure  with  and  without  the  parasitic  mass. 


FEM  ” 

TEsTI 

w/o 

w 

w/o 

w  dead  mass  w  PMA  inactive 

Frequency  in  Hz 

1 

1.04 

0.97 

1.07 

1.01 

1.02 

2 

3.47 

2.94 

3.54 

3.09 

2.96 

3 

8.05 

8.00 

7.94 

7.69 

7.88 

4 

19.90 

16.42 

- 

17.01 

16.03 

5 

21.75 

21.44 

- 

22.39 

6 

22.09 

22.06 

22.54 

22.02 

23.50 

7 

30.48 

28.53 

32.61 

30.08 

29.50 

8 

39.33 

39.12 

40.35 

39.78 

39.33 

9 

48.55 

46.40 

- 

- 

- 

10 

51.84 

51.45 

52.51 

49.31 

50.68 

11 

58.72 

58.52 

61.41 

54.57 

57.36 

12 

71.27 

70.71 

65.62 

65.02 

66.29 

13 

72.28 

72.28 

78.24 

77.73 

78.41 

14 

80.92 

80.74 

91.74 

84.8 

- 

Table  3  :  Comparison  of  the  theoretical  natural  frequencies  of  the  structure  with 


the  parasitic  mass  at  various  nodal  points. 


FEM 

w/o 

8 

IT 

3 

4 

5 

6 

7 

10 

1 

1.04 

0.97 

0.93 

0.93 

0.92 

0.98 

0.98 

0.98 

1.01 

2 

3.47 

2.94 

3.39 

3.40 

2.94 

2.96 

3.41 

3.40 

3.42 

3 

8.05 

8.00 

7.71 

7.66 

7.65 

7.95 

7.93 

7.95 

7.28 

4 

19.90 

16.42 

18.25 

18.41 

17.47 

15.54 

19.84 

19.88 

19.52 

5 

21.75 

21.44 

21.74 

21.45 

20.17 

21.75 

20.52 

20.24 

20.52 

6 

22.09 

22.06 

21.98 

22.07 

21.77 

21.96 

21.94 

21.75 

22.00 

7 

30.48 

28.53 

30.09 

30.02 

29.60 

27.79 

30.07 

30.43 

29.83 

8 

39.33 

39.12 

39.17 

38.15 

37.87 

36.87 

39.30 

38.92 

37.06 

9 

48.55 

46.40 

45.12 

46.65 

48.35 

48.35 

43.27 

45.40 

43.03 

10 

51.84 

51.45 

51.67 

49.02 

49.76 

50.89 

49.56 

51.40 

51.83 

11 

58.72 

58.52 

54.15 

57.71 

58.47 

58.54 

58.60 

56.68 

56.07 

12 

71.27 

70.71 

68.85 

68.34 

70.27 

70.62 

67.91 

68.31 

68.53 

13 

72.28 

72.28 

71.87 

72.26 

72.26 

72.09 

71.67 

72.23 

71.34 

14 

80.92 

80.74 

80.44 

80.13 

80.69 

80.67 

79.27 

79.27 

77.81 

3.2  Vibration  absorber  design 

There  are  several  criteria  for  tuning  the  absorber  to  a  MDOF  structure.  The  simplest 
criterion  is  to  tune  the  natural  frequency  of  the  absorber  to  exactly  one  of  the  natural  frequencies  of 
the  structure^,  that  is: 

ioa  =  (Oj  (4a) 

The  design  of  the  damped  absorber  results  in  an  optimal  tuned  frequency  given  by^: 


(4b) 


where  p*  is  the  ratio  of  the  mass  of  the  absorber  (here,  the  proof  mass)  over  the  mass  of  the  SDOF 

structure  (here,  the  modal  mass  at  mode  go).  The  ratio  m  or  the  modal  mass  can  be  calculated  in  a 
trial  and  error  procedure.  The  difficulty  of  applying  the  second  method  is  the  fact  that  it  is  difficult 

to  determine  the  optimai  value  for  p  for  the  higher  modes  22. 

An  optimal  tuning  criterion  for  MDOF  systems  was  presented  in  reference  [19].  The 
absorber  frequency  (ioa)  and  damping  coefficient  (ca)  are  given  by: 

1+Mt 


co. 


cor 


2  = 


m^p, 


(l+pt+pa)2 

1+Mt 


where, 


(l+pt+pa)3 


(5a) 


(5b) 


pt  -  mt<fo.2  and  pa«=  ma(^.2  (5c) 

The  scalars  mt  and  maare  the  parasitic  mass  and  the  mass  of  the  absorber,  respectively,  and  the 
scalar  (jys  the  jth  entry  of  the  associated  eigenvector  of  the  ith  mode,  where  j  is  the  degree  of 

freedom  corresponding  to  the  location  of  the  absorber.  Note  that  the  eigenvectors  derived  form  the 
finite  element  model,  are  normalized  with  respect  to  the  mass  matrix. 


3.2.2  Experimental  implementation  of  the  passive  control  design 

The  stiffness  of  the  PMA  can  be  electronically  varied,  such  that  the  actuator  system  can  be 
tuned  to  different  frequencies.  The  PMA  was  attached  to  ground,  and  the  LVDT  signal  was 
examined  for  random  signal  input  that  generates  an  electromagnetic  force  on  the  proof  mass.  The 
LVDT  signal  gives  the  relative  position  of  the  proof  mass  with  respect  to  the  housing  of  the 
actuator.  As  it  can  be  clearly  seen  in  the  experimental  bode  plot  in  fig.5,  the  PMA  system  is  well 
modelled  by  a  SDOF  system,  with  a  natural  frequency  depending  on  the  gain  that  determines  the 

electronic  stiffness.  The  stiffness  is  a  function  of  the  external  gain  (a),  and  other  electromagnetic 
constants  of  the  coil  and  the  amplifier  (included  in  the  factor  K) .  The  natural  frequency  of  the 
system  is  given  by: 

wa=l/27rVaK/mprf  (6) 

The  damping  in  the  actuator  was  identified  as  Coulomb  damping  due  to  the  friction  in  the 
bearings.  An  equivalent  viscous  coefficient  was  calculated  from  the  frequency  response  functions 
of  the  LVDT  signal  at  particular  tuning  frequencies.  It  was  found  that  the  lower  the  tuning 
frequency  becomes,  the  higher  the  equivalent  damping  becomes.  This  is  actually  due  to  the  fact 
that  at  low  frequencies  the  proof  mass  of  the  actuator  cannot  overcome  the  friction.  As  a 
consequence,  the  natural  frequency  of  the  SDOF  model  of  the  actuator  dynamics  cannot  go  lower 
than  a  certain  frequency,  since  the  stiffness  is  electronically  determined  and  it  depends  on  the 
relative  motion  of  the  proof  mass  with  respect  to  the  housing  of  the  actuator.  It  was  found  that  the 
actuator  system  behaves  like  an  overdamped  system  when  tuned  to  frequencies  below  8  Hz. 
Therefore,  it  was  practically  impossible  to  tune  the  actuator  to  frequencies  lower  than  8  Hz.  Note 
that,  this  range  includes  the  three  lower  natural  frequencies  of  the  modified  structure.  Therefore, 
the  PMA  is  tuned  to  the  fourth  mode,  by  using  the  criteria  described  above.  The  results  from  only 
the  second  criterion  are  presented  here  in  the  top  part  of  fig.6,  due  to  the  fact  that  the  plots  from  the 
simple  criterion  (equation  4a)  and  the  optimal  tuning  criterion  (equation  5)  were  very  similar.  It  can 
be  clearly  seen  that  the  vibration  response  is  clearly  reduced. 


4.  Active  Control  design 

The  active  control  law  is  implemented,  by  using  one  actuator  and  two  sensors.  The  force 
generator  signal  of  the  actuator  was  then  given  by: 


i 


fg  =  FCy(t)  (7) 

where  F  the  feedback  gain  matrix  and  C  the  output  matrix.  The  sensors  were  placed  at  node  1  and 
node  4  as  indicated  in  fig.  1 .  Node  1  was  chosen  because  this  is  the  possible  point  of  attachment  of 
a  sensitive  device,  where  the  vibration  level  is  required  to  be  reduced.  Node  4  was  chosen, 
because  it  moves  in  the  opposite  direction  of  node  1 ,  when  the  structure  is  excited  at  one  of  its 
rotational  modes.  Here,  accelerometers  were  used  and  their  signals  were  integrated  once  by  an 
analog  computer,  to  give  the  corresponding  velocity  signals.  TTie  output  position  matrix  was 
therefore  zero,  and  the  velocity  output  matrix  was  of  the  form: 


C, 


1 

1x3 


0  1  x  1  A 

i  olxll . 


(8) 


The  gain  matrix  is  therefore  given  by: 

F  =  (Si :  g2]  (9) 

where  gj  and  g2  are  the  two  gains  to  be  determined.  Substituting  into  the  previous  equation  results 
in: 


1 

1x3 


(10) 


The  closed-loop  system  written  in  physical  coordinate  system,  is  given  by  the  following  equation: 


Mol<i(*)  +D0Lq(t) +  KQLq(t)  =  B0LFC!q(t)  (11) 

The  objective  here  is  to  calculate  the  gain  matrix  F  such  that  the  system  has  poles  at  the  desired 
locations.  The  right  hand  side  of  the  previous  equation  is  expanded  as: 

■o-i  r  07xl5 

B  FC  =  1  fa  •  tr  if  ^  O.x.4-1  g,  0  0  g2  0,xll  .  . 

BolFC,  0  lSl-fcl[0lxJ  1  0un  J  05xl5  <12> 


*  *L  ulx3  1  ^  lxl  1  J  u  6  x  1  5 

L-U  L-gjOO-gj  o,xllJ 

Note  that  this  is  a  square  sparse  asymmetric  matrix  with  only  four  non-zero  elements.  This  results 
in  a  closed-loop  system  damping  matrix  of  the  form: 


Dn  ~ 


0  7  x  1  5 

Si  0  0  g2  o  lxl , 
0  6  x  1  5 

■Si °  Q  -g2  olxll. 


where  cact,  corresponds  to  the  equivalent  viscous  damping  coefficient  of  the  actuator  system. 

The  objective  here,  was  to  decrease  the  amplitude  of  the  vibration  response  at  the  low 
modes  that  have  high  participation  factors.  Note  that,  direct  pole  placement  design  could  not  be 
applied  since  with  one  actuator  and  two  sensors,  only  one  closed-loop  pole  can  be  placed.  The 
gains  were  determined  in  an  ad  hoc  design,  from  an  algorithm  that  covered  a  broad  region  of 
values,  with  the  main  objective  to  move  the  lower  two  poles  further  in  the  LHS  complex  plane. 
The  results  are  presented  in  table  6.  It  can  be  clearly  seen  that  the  closed-loop  system  is  stable 
when  the  two  gains  gj  and  g2,  are  in  the  region  -10  to  10  and  0  to  15  respectively.  A  finer  grid 
that  covered  the  part  of  the  stable  region,  where  the  damping  of  the  first  two  modes  was  increased 
(gj  from  0  to  10  and  g2from  10  to  20)  was  also  examined  22, 

It  was  discovered  that  the  ’’optimal  ”  gain  of  F=  (5  :  15]  increases  the  damping  on  modes 
1 ,  2, 4, 5,  6  and  decreases  the  damping  at  mode  3.  Note  that,  further  increase  of  the  gains  towards 
the  ’’optimal”  direction,  resulted  in  an  unstable  closed-loop  system.  The  experimentally  obtained 
transfer  functions  of  nodes  1  and  8,  are  presented  in  fig.6,  and  they  are  compared  directly  with  the 
open-loop  system,  tuned  to  the  fourth  structural  mode.  The  results  show  clearly,  a  decrease  in  the 
response  at  modes  1  and  2.  The  decrease  of  the  vibration  response  is  not  very  large  as  desired, 
because  of  the  following  reasons: 

(i)  By  using  only  one  actuator  and  two  sensors,  we  can  only  affect  4  elements  of  the  15x15  closed- 
loop  damping  matrix. 

(ii)  Further  increase  in  the  gains  towards  the  ’’optimal  ”  direction  drives  the  third  mode  unstable. 


(iii)  We  are  trying  to  control  a  flexible  structure  with  many  significant  modes  that  cannot  be 
ignored. 

(iv)  We  are  only  using  velocity  feedback 

It  was  also  illustrated  experimentally  that  by  increasing  the  gains  at  higher  values  drove  the 
proof  mass  system  unstable. 


U  =  unstable,  S  =  stable. 


5.  Closing  Remarks 

An  experimental  flexible  planar  truss  structure  was  modelled  and  successfully  controlled  in 
a  passive  and  active  way  by  using  a  space  realizable  linear  proof  mass  actuator  system.  The  PMA 
was  attached  to  the  truss  at  a  desired  location,  and  tuned  as  traditional  vibration  absorber  to  one  of 
the  structural  modes  of  the  truss  by  using  several  criteria.  The  actuator  dynamics  were 
successfully  modelled  and  taken  into  consideration  in  the  design  of  the  passive  and  active  control 
law.  The  active  control  design  was  adopted  in  the  form  of  output  velocity  feedback  by  integrating 
the  signals  of  two  accelerometers,  attached  to  the  structure.  The  limitations  of  this  method  were 
indicated  and  difficulties  of  applying  output  feedback  on  large  flexible  structures  with  several 
significant  modes  are  identified  and  pointed  out. 
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ABSTRACT 

This  lecture  presents  a  summary  of  work  on  the  analysis  of  the  interaction  between  a  structure,  an  actuator 
used  to  suppress  the  vibration  of  the  structure,  and  the  control  law  implemented  by  the  actuator.  Two  control 
applications  are  considered.  First,  a  proof-mass  actuator  with  experimentally  verified  dynamics,  capable  of 
being  used  in  a  space  structure  configuration  is  examined.  This  is  connected  to  a  cantilevemi  beam  modeled  as 
a  single  degree  of  freedom  system.  Secondly,  an  electric  motor,  again  with  experimentally  verified  dynamics,  is 
used  to  slew  a  beam  modeled  by  a  partial  differential  equation.  Both  the  experimental  and  numerical 
configuration  predict  the  presence  of  potential  instabilities  in  system  performance  if  proper  consideration  is  not 
given  to  interactions  between  the  control  law,  the  structure  and  the  actuator.  In  addition,  an  understanding  of  the 
interaction  is  shown  to  greatly  effect  performance.  In  particular  it  is  shown  .that  a  judicious  choice  of  actuator 
parameters  greatly  improves  closed  loop  performance. 

INTRODUCTION 

The  purpose  of  this  paper  is  to  summarize  several  results  expressing  the  nature  of  control  structure 
interaction.  These  results  point  to  the  importance  of  modeling  actuator  dynamics  in  designing  vibration 
suppression  systems  for  flexible  structures.  It  is  common  pracuce  for  designers  of  servo  control  system  to 
incorporate  the  dynamics  of  the  servo  motor  into  the  closed  loop  design  of  the  system  under  consideration.  Yet 
a  majority  of  the  literature  on  the  control  of  flexible  structures  ignores  the  actuator  dynamics  in  developing 
control  methods  ( 1 1.  This  paper  illustrates  two  types  of  active  vibration  suppression  systems  and  points  out  the 
effects  of  considering  the  dynamics  of  the  actuators  in  the  closed  loop  design. 

The  two  systems  considered  are  a  linear  electromechanical  actuator,  consisting  of  a  proof-mass  actuator  [2], 
and  an  electric  motor,  both  used  to  control  the  transverse  vibrations  of  an  Euler  Bernoulli  beam.  The  proof- 
mass  actuator  is  used  to  control  ihe  transverse  vibration  of  a  cantilevered  beam.  The  electric  motor  is  used  to 
control  the  transverse  vibration  ot  a  beam  during  a  slewing  maneuver.  Slewing  refers  to  the  rotation  of  the  beam 
about  the  motor  axis  similar  to  the  motion  of  a  door  rotating  on  a  hinge. 


It  is  illustrated  here  that  the  interaction  between  the  actuator  dynamics,  the  choice  of  control  law  and  the 
nature  of  the  structural  dynamics  is  critical  in  both  cases.  In  particular 
•  the  choice  of  feedback  paths  through  the  actuator  is  critical 

-  instabilities  result  if  one  ignores  the  interaction,  or  coupling  between  the  actuators  and  Structure 

dynamics  .  . 

-  performance  of  the  closed  loop  system  is  significandy  enhanced  if  the  nature  of  the  interaction  is 
considered  in  the  choice  of  the  actuator  dynamics 

These  points  are  illustrated  and  verified  in  the  remainder  of  this  paper. 


PROOF-MASS  ACTUATOR/BEAM  MODEL  m 

Proof-mass  actuator  systems  have  been  considered  by  several  authors  [2-10].  The  actuator  used  here  to  « 
demonstrate  the  nature  of  control/structure  interaction  is  a  linear  actuator,  composed  of  a  solenoid-like  m 
arrangement  of  a  mass  moving  in  an  electric  field.  This  proof-mass  actuator  (PMA)  is  a  reaction  type  force  ■ 
actuator,  which  creates  a  force  by  reacting  against  an  inertial  mass.  Such  actuators  are  also  called  Reaction-Mass 
Actuators  (RMA).  This  actuator  has  been  extensively  tested  [2]  and  is  capable  of  generating  an  arbitrary  (but 
bounded)  control  force.  The  actuator  consists  of  a  movable  "proof-mass,"  a  fixed  coil,  two  collocated  sensors,  ■ 
a  .digital  microcontroller  and  a  power  amplifier  as  described  in  detail  in  Ref.  Z  All  of  the  actuator  components  ■ 
are  mounted  on  a  single  compact  fixture.  Power  lines  are  are  the  only  external  connection  required  to  operate  the  m 
actuator  unless  uncollocated  control  is  used.  In  the  uncollocated  case,  the  actuator  accepts  signals  from  sensors 
at  other  locadons  on  the  structure.  In  addition,  an  opdonai  analog  or  digital  input  can  be  used  as  the  control  law  ■ 
for  design  purposes.  ■ 

As  illustrated  in  Ref.  6.  the  PMA's  transfer  function  clearly  dictates  a  second  order  model  of  the  form  of  a 
single  degree  of  freedom  oscillator.  Laboratory  bench  tests  and  tests  with  the  actuator  mounted  on  a  variety  of  _ 
structures  indicate  that  the  model  of  Figure  1  provides  an  accurate  description  of  the  actuator  dynamics.  In  the  ■ 
Figure,  ma  represents,  the  internal  moving  mass,  or  proof-mass,  of  the  actuator,  and  x*  is  the  time  dependent  | 


structure 


actuator 


^Zstructure^y 


— —  ■ 

- . -I 


Figure  t.  Dynamics  of  a  proof-mass  actuator. 


Figure  2.  A  single  degree  of  freedom  system  with 
control  actuator  attached. 


position  of  the  actuator  relative  to  the  base.  The  quantity  try  is  the  dead,  or  non-moving,  mass  of  the  actuatotM 
(i.e„  the  housing,  transducers,  magnets,  control  electronics,  etc.  fixed  to  the  structure).  The  darapinfl 
coefficient,  ca,  is  determined  experimentally  and  represents  an  equivalent  viscous  damping  coefficient  for  th^ 
internal  friction  of  the  actuator.  The  quantity  ka,  also  determined  experimentally,  is  the  electronic  stiffness  force 
required  to  keep  the  proof-mass  centered  in  its  housing.  This  force,  as  well  as  the  internal  damping  force,  i^ 
required  for  stability  of  the  actuator.  The  control  force  is  generated  between  the  proof-mass  and  the  structure 
and  is  denoted  as  fa.  Reference  6  reports  the  dynamic  modeling  in  detail.  | 

The  basic  phenomena  of  interest  here  can  be  illustrated  by  treating  the  beam  as  a  single  degree  of  freedom 
system.  The  extension  to  larger  order  models  is  contained  in  Ref.  11.  To  illustrate  the  basic  instability 
problems  consider  the  simple  case  of  velocity  feedback  which  performs  vibration  suppression  by  addinl 
damping  to  the  system.  Without  actuator  dynamics,  the  single  degree  of  freedom  model  of  the  beam  wi™ 
velocity  feedback  is: 


mx  +  cx  +  kx  =  •  gx 


(I 


Here  x  =  x(t)  is  the  nominal  transverse  displacement  of  the  beam,  m  is  the  mass  of  the  beam,  c  is  tlfl 
approximate  internal  damping  and  k  is  the  beam  stiffness.  The  quality  g  is  the  electronic  gain  which  is  to  fl 
adjusted  to  produce  the  desired  vibration  suppression.  *  ™ 
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In  the  case  of  the  ignoring  actuator  dynamics  one  would  rearrange  Eq.  (1)  and  note  that  the  velocity 
coefficient  becomes  c  +  g.  Hence  the  desired  vibration  suppression  control  law  would  be  to  make  the  gain,  g, 
as  large  as  possible.  Next  consider  applying  this  control  law,  developed  without  regard  for  the  actuator 
dynamics,  to  a  model  which  includes  actuator  dynamics.  The  equations’  of  motion  become  (see  Figure  2). 

m  0 ' 

0  ma. 


Using  the  same  simple  velocity  feedback  control  of  the  form  fa  =  gx,  this  becomes 
m  0  x 

0  maJ  •• 

LXj, 

Note  that  the  matrix  coefficient  of  the  velocity  vector  in  Eq.  (2)  is  asymmetric.  Every  matrix  can  be  written  as 
the  sum  of  a  symmetric  matrix  ant!  skew  symmetry  matrix.  In  this  case  the  symmetric  part  of  the  closed  loop 
damping  matrix  becomes 


rc+ca+g  -ca-j 
l  -g<a  c  a 


k+ka-kal  rxn  fOl 
-k»  ka  J  Lx J  lOJ 


(3) 


(4) 


If  this  matrix  becomes  indefinite  or  negative  definite,  it  is  well  known  that  instability  results  [12].  This  matrix 
clearly  becomes  indefinite  as  the  gain  g  is  increased  as  suggested  by  the  contxcl  law  calculated  by  omitting  the 
actuator  dynamics. 

The  high  gain  instability  effect  is  also  obvious  from  applying  the  Routh-Hunvitz  test  to  the  characteristic 
equation  associated  with  Eq.  (3).  However,  the  matrix  approach  is  applicable  to  larger  order  models  with  a 
greater  number  of  actuators.  This  is  presented  in  Ref.  1 1. 

It  should  be  noted  that  several  researchers  [7,8,10]  involved  in  using  reaction  mass  actuators  for  vibration 
suppression  ui  flexible  structures  have  avoided  this  instability  problem  by  using  relative  velocity  feedback  of  the 
fomi 


fg  =  S<*a  •  x)  (5) 

The  use  of  this  feedback  path  causes  the  matrix  coefficient  of  the  velocity  vector  to  be  symmetric  and  positive 
definite  for  any  value  of  the  gain  g  However,  relative  velocity  feedback  as  given  in  equation  (5)  and  used  in 
Refs.  7.8.  and  10.  reduces  the  control  problem  to  one  of  parameter  optimization  similar  in  performance  to  a 
passive  vibration  absorber.  This  point  -  -rude  in  more  detail  in  Ref.  9  which  compares  the  response  of  closed 
loop  systems  with  the  two  >ii::-"-n'  •—  a  <  rams. 

Companng  the  use  ot  -■  :n:  t.-r-toack  paths  for  fixed  beam  parameters  and  actuator  dynamics 

yields  that  a  shorter  settlinu  - !  -  over -hot  is  obtainable  by  using  the  potentially  destabilizing  control 

law  of  Eq.  (3)  then  isobtai.n  .  .  nr. e  velocity  feedback  of  the  form  of  Eq.  (5).  This  is  illustrated  in 

Figures  '  and  -J  There  are  .a .  arai  .e  ■» .  tr.at  can  be  learned  from  controlling  a  single  degree  of  freedom 
structure  with  a  PMA  that  .an  .id:',  eu  to  he  vibration  control  of  both  multiple  degree  of  freedom  and 
distributed  parameter  structures  C.-miol  laws  that  ignore  actuator  dynamics  may  result  in  closed  loop 
instability.  The  use  of  only  safe  or  nmulestabtiizing  feedback  paths  may  not  yield  the  best  performance. 
Furthermore,  ustng  only  relauve  position  and  velocity  feedback  results  in  a  control  law  that  is  no  different  than 
that  of  a  traditional  vibration  absorber  This  type  of  design  tends  to  require  low  feedback  gains,  such  that  the 
motion  of  the  proof  mass  is  unimpeded.  Finally,  better  performance  is  achieved  with  structural  velocity 
feedback  combined  with  relative  velouiy  feedback.  In  fact,  a  high  structural  feedback  gain  can  only  be  tolerated 
in  the  presence  of  a  high  relative  velocity  feedback  gain. 
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Structural  Position 


Initial  condition  response  systems:  (1)  and  (2) 


Time  (sec) 


Figure  3.  Stale 


:  ';-svin  i ! s  ■■■■.oration  absorber 

system  O.i  active  control  with  velocity  feedback. 


8. 


Initial  condition  response  systems:  (1)  and  (2) 


Tune  (sec) 


Figure  4.  Actuator  mass  response: 


system  (l)  vibration  absorber 

system  (2)  active  control  with  velocity  feedback. 
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SUPPRESSION  DURING  SLEWING 


In  this  section,  vibration  suppression  during  slewing  of  a  beam  by  a  simple,  armature  controlled,  DC  electric 
motor  is  prest.tted.  The  electric  motor  model  is  standard  and  can  be  found  in  Ref.  13.  By  applying  Hamilton’s 
principle  to  an  Euler  Bernoulli  beam  moving  in  a  horizontal  plane  driven  by  the  DC  motor  yields  the  equation  of 
motion  of  the  tructure/actuator  system.  While  the  control  structure  interaction  problem  has  been  considered 
previously  (14  the  effects  of  a  flexible  load  (beam)  have  not  been  generally  addressed  in  the  previous  literature. 
In  particular,  tl.  *.  modeling  approach  suggested  here  focuses  on  the  effective  boundary  condition  of  the  beam  at 
the  point  of  attachment  to  the  motor. 

A  majority  of  the  previous  work  in  slewing  assumes  that  this  arrangement  defines  a  clamp-free  beam. 
However,  the  approach  taken  here  is  that  the  point  of  attachment  does  not  define  a  clamped  end,  but  rather  the 
boundary  condition  for  the  beam  at  the  point  of  attachment  rotates  and  depends  directly  on  the  motor  dynamics. 

As  derived  in  Ref.  15,  the  equations  of  motion  for  the  open  loop  beam  actuator  system  are: 


dMx.t)  32v(x.t) 

~a^“+p"ir' 


+  px0(t)  =  x  6’(0,t) 


with  boundary  conditions 


y(O.t)  =  0 


.El 


32v(Q.O  _  .  '  d3y(0.t) 

m  8  0x3,2 


(6) 


at  the  point  of  attachment  to  the  mom;  arc 


El 


3x2 


tl 


3-yif.t) 

3x- 


=  0 


at  the  free  end,  coupled  with  motor  equation: 


(7) 


where  S  is  the  total  angular  displacement  which  includes  rigid  body  rotation  and  the  angular  displacement  due  to 
flexure.  Here  E,  I  and  p  are  the  beam  elastic  modulus,  moment  of  inertia  and  density  per  unit  length 
respectively.  The  motor  constants  K(,  Kb,  Ra.  Im  and  Cv  denote  the  motor  torque  cofiisant,  back  emf  constant, 
armature  resistance,  motor  inertia  and  equivalent  tearing  friction  respectively.  The  gearratio  is  denoted  by  Ng 
and  /  denotes  the  length  of  me  beam.  The  term  of  the  right  hand  side  of  equation  (6)  represents  the  direct 
transmission  of  torque  into  -lexural  deflection,  y(x,t).  The  point  moment  delta  operator  is  denoted  by  8'(0,t), 

0(t)  denotes  the  angular  position  of  the  underflected  fesam  and  e-  denotes  the  applied  armature  voltage.  This 
formulation  considers  the  interaction  between  the  beam  flexural  dynamics  and  the  motor  dynamics. 

The  coupling  between  me  beam  and  actuator  dynamics  highlighted  in  this  model  allows  the  motor  parameter, 
beam  oarameters  and  control  law  to  be  chosen  to  more  efficiently  control  the  higher  modes  of  flexural  vibration. 
This  is  illustrated  in  the  toilowmg  experimental  verification  of  a  servo  control  implemented  based  on  Eqs.  (6)- 
(7).  Tiic  actuator  structure  system  consists  of  a  DC  armature  controlled  electric  motor  connected  to  a  .85  meter 
aluminum  beam  in  a  direct  dr.se  configuration.  The  direct  drive  configuration  allows  significant  coupling 
between  the  motor  and  beam  dynamics.  This  allows  more  of  the  beam  vibrational  energy  to  be  dissipated 
through  the  actuator  that  drives  me  >yw:n. 

The  experiment  consisted  oi  -;ep  slew  of  the  aluminum  beam.  A  comparison  was  made  between  -wo 
simple  servo  control  laws.  ^irst.  a  standard  servo  control  was  implemented  (PD  control  of  0).  This  control  law 
does  not  capitalize  on  the  interaction  between  the  structure  and  actuator  as  suggested  by  Eqs.  (6)-(7).  The 
second  control  implemented  was  again  a  PD  control,  however  the  tachometer  feedback  gain  was  increased  to 
take  advantage  of  the  actuators  ability  to  dissipate  the  energy  by  of  the  transverse  vibration  of  the  beam.  The 
model  presented  in  Eqs.  (6)-0)  predicts  this  energy  dissipation  and  subsequent  improved  vibration  suppression. 
The  results  of  these  experiments  as  illustrated  m  fig.5  which  consists  of  the  time  histories  of  the  top  acceleration 
for  each  control  law.  In  addition,  a  third  course  indicates  the  theoretically  predicted  response  use  a  finite 
approximauon  of  Eqs.  (6)-(7).  Note  that  the  PD  controller  with  increase  tach  feedback  yields  approximately 
70%  decrease  in  the  settling  tor  pointing)  nme  of  the  maneuver  as  well  as  a  40%  reduction  in  maximum 
vibration  amplitude. 
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tune.  sec 


Figuie  5.  Tip  accelerations  for  a  step  command  to  the  system. 
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Abstract 

In  this  work  a  formulation  for  the  modeling  of  a  single  link 
flexible  structure  will  be  introduced  that  includes  the  effects  of 
dynamic  interaction  between  the  actuator  and  structure.  These 
effects  are  the  rotational  modal  participation  factors  for  the 
structure's  vibratory  motion  that  occurs  at  the  slewing  axis.  It 
will  be  shown,  both  theoretically  and  experimentally,  that  this 
dynamic  interaction  can  be  advantageous  for  vibration 
suppression  of  the  flexible  modes  of  the  system  during  slewing 
positioning  maneuvers. 

Introduction 

Research  in  the  control  of  flexible  structures  has  been  carried  out 
in  the  fields  of  robotics!  1-6]  and  spacecraft  with  flexible 
appendages[7-9].  Although  a  continuous  beam  is  a 
simplification  of  more  complicated  structures  actually  used  in 
these  fields!  19,  20],  studying  simple  beams  often  yields  insite 
into  the  underlying  physics  that  governs  the  overall  system 
behavior.  In  the  area  of  robotics,  light-weight  (flexible) 
manipulators  are  seen  as  a  way  to  reduce  energy  consumption 
and  therefore  operating  cost  in  industrial  robots.  In  space, 
reducing  structural  mass  of  space-bound  robots  and  satellite 
appendages  allows  for  lighter,  and  hence,  more  cost  effective 
payloads  for  orbital  delivery. 

The  modeling  presented  here  in  an  extension  of  the  modeling 
done  by  other  researchers[l-3].  This  modeling  includes  the 
effects  of  actuator-structure  interaction  via  the  modal 
participation  factors  of  the  flexible  modes  of  the  system!  1 1 ). 

Finally,  the  dynamics  of  a  experimental  flexible  beam  slewing  in 
the  horizontal  plane  are  investigated.  Servo  positioning  is  often 
the  goal  of  many  control  applications,  such  as  robotic  arm 
positioning  for  assembly  line  applications  or  the  attitude 
orientation  of  a  spacecraft.  The  response  of  the  beam  with  a 
servo  positioning  control  law  will  also  be  investigated  to 
determine  the  validity  of  the  proposed  model. 


Modeling 

The  dynamics  of  the  system  will  be  derived  in  two  pans.  First, 
the  structural  dynamics  will  be  formulated  from  Hamilton's 
principle.  The  equations  of  motion  for  the  actuator  will  then  be 
derived  and  combined  with  the  equations  of  motion  for  the 
structure.  Finally,  the  angular  position  and  velocity  matrices  for 
a  servo  feedback  control  using  the  driving  motor  will  be  derived. 


I 


Structural  Dynamics 

The  problem  under  consideration  is  the  slewing  of  a  flexible 
beam  in  the  horizontal  plane  and  is  schematically  represented  in 
figure  1. 


figure  1.  Slewing  flexible  beam  -  top  view. 


In  figure  1,  XY  is  an  inertial  reference  frame,  and  xy  is  a 
rotating  reference  frame.  This  rotating  reference  frame 
represents  the  position  of  the  undefiected  beam.  It  is  assumed 
that  the  beam  is  moving  in  the  horizontal  plane  and  that  flexural 
vibrations  occur  only  in  this  plane.  It  is  assumed  that  gravity  has 
a  uniform  effect  on  the  system  that  is  out  of  plane  and  therefore 
can  be  ignored.  The  beam  is  pinned  at  the  slewing  axis,  and  the 
torque  is  applied  at  this  axis. 

A  modal  summation  procedure  is  applied  for  the  motion  of  the 
structure,  e.g., 

n 

y(x,t)=  E  <|>i(x)  qi(t)  (1) 

i=l 


The  eigenfunctions  or  mode  shapes  are  defined  by  <J>j(x),  and  the 
time  dependent  modal  displacements  are  defined  by  qj(t). 
Hamilton's  principle  for  dynamic  system's  is  stated  as 
follows!  14, 15]. 


L 

50)  |  [  Lg  +  Wnc]  dt  =  0  (2) 

o 

where,  80)  denotes  the  first  variation  and  Lg  denotes  the 
system's  Lagrangian.  The  term,  Wnc,  is  the  nonconservative 

work  done  by  the  applied,  x,  in  figure  1.  The  nonconservative 
work  done  by  the  applied  torque  becomes, 


Wnc  =  1 0  +  T 


3y(0,t) 

3x 


(3) 


Accounting  for  the  rotation  of  the  flexible  structure,  y'(0,t),  in 
the  nonconservative  work  term  leads  to  the  inclusion  of  the 
modal  participation  factors  in  the  structure's  equations  of 
motion[ll].  Generally  modes  should  be  chosen  within  a 
practical  bandwidth  or  frequency  range  of  interest[17].  This 
modal  summation  procedure  is  also  known  as  the  Rayleigh-Ritz 
method  or  the  expansion  theorem!  12].  The  following 
Lagrangian  for  this  system  was  found  using  an  assumed-mode 
method  application  of  Hamilton's  principle!  13]. 

j  L  .  n  ,  j  L  n  ,  , 

Lg  =  2  !b02  +  Jpx9,S 4>i  qi  dx  +  2  /  £  qi  qj  Pi Pj 

O  1=1  o  !>J 

-ijk  £  qiqjP.'pj"  (4) 

0  l,J 

where,  for  convenience,  p=pi(x),  and  0j=0i(t).  Substituting  this 
into  the  Euler-Lagrange  equation,  an  expression  for  the  rigid 
body  position,  0,  is  found  to  be, 


n  L 

Ib0+.S  f  pxpj  dx  q;  =  T  (5) 

i=l  0 


The  equation  for  the  ith  flexible  modes  of  the  structure,  qi,  is  as 
follows. 


L  n  L 

|  pxpj  dx0  +  £  |  ppiPj  dx  qj 
o  J=1o 


n  L 

+  £  fEI  Pi"  Pj"  dx  qj  =  pj’(O)  X 
'•Jo 


(6) 


The  term,  <|>j'(0)  t,  is  reflective  of  the  direct  transmission  of 
torque  into  the  modal  deflections  of  the  structure. 


where  cv  is  the  viscous  damping  in  the  motor- andKt  is  armat® 
torque  constant.  Since  the  electrical  time  constant  of  the  motoM 
much  smaller  than  the  mechanical  time  constant  of  the  system, 
the  inductance  is  considered  negligible  so  that  it  does  not  app« 
in  the  expression  for  torque.  Before  combining  the  structu® 
equations  of  motion  with  the  actuator  dynamics  we  will  considP 
the  eigenanalysis  of  the  structure  taking  into  account  the  physical 
constraints  of  a  motor  actuated  beam. 


Eigenanalysis 


i 

1 


It  can  be  said  a  motor-actuated  beam  has  an  eigensolution  ti 
satisfies  the  boundary  conditions  imposed  by  the  motor  actil 
hinge.  These  boundary  conditions  for  the  structure  are  pinnl 
with  a  rotatory  inertia  at  the  pinned  axis  and  free  at  the  other 
end(or  simply,  inertia-free).  The  inertia  acting  at  the  beam  axa 
is  usually  referred  to  as  a  constraint!  1].  Thus,  the  inertia-fr® 
eigenfunctions  are  considered  to  be  the  constrained  modes  jf  t® 
beam,  and  the  pin-free  modes  are  the  unconstrained  modes  of 
vibration  for  the  structure.  The  first  mode  of  a  pin-free  bea* 
with  various  degrees  of  constraining  inenia  is  plotted  in  figure® 
(see  also  reference!  1]).  These  modes  are  plotted  for  a  generic® 
meter  structure  with  varying  beam  to  servo  inertia  ratios  -  Vis  = 
(0.1,  1.0,  10.0). 


The  strongly  constrained,  or  clamp-free,  eigenfunctions  wd 
used  successfully  for  modeling  experimental  slewing 
apparatus[2,3].  However,  no  verification  of  a  model  wif 
significant  actuator  structure  interaction  (i.e.,  unconstrained  [ 
lightly  constrained  modes  of  vibration)  has  been  found  in  til 
literature. 

The  condition  for  a  flexible  beam  with  a  rotatory  inertia  due  I 
the  motor  acting  at  the  slewing  axis  is,  m 


ing 

1 


Mi5ij  =  Is  Pi'(0)pj'(0)  +  jppipjdx 
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Actuator  Dynamics 

The  torque  applied  to  the  beam  is  considered  here  to  be 
generated  by  an  armature  controlled  DC  electric  motor,  whose 
behavior  is  represented  by  the  following  schematic. 


figure  2.  Motor  armature  circuit  and  gear  box  schematic. 

Here,  ea  is  the  voltage  applied  across  the  armature,  ia  is  the 
current  in  the  motor  circuit,  La  is  die  motor  inductance,  Ra  is  the 
armature  resistance,  Ng  is  the  gear  ratio  and  Kb  is  the  motor 
back-emf.  Applying  Kirchoffs  law  and  summing  the  torques 
about  the  motor  armature,  the  following  expression  for  the 
torque  is  found  as  a  function  voltage  across  the  motor  armature, 


m  v  ..  n 

x=L^iea-ImNg2(0+.SPi,(°)  qi) 


i=l 


-(Cv+%^)Ng2(0+ZPi'(O)  qi) 
6  i=l 


where,  5;j  is  the  Kronecker  delta  operator.  Since  the  structur® 
operator  is  self-adjoint,  and  positive  semi-definite  the  o® 
diagonal  terms  of  the  structure’s  mass  and  stiffness  submatrices 
decouple!  11, 12].  • 

Combined  Motor/Beam  Equations  I 

The  eigenfunctions  of  the  previous  section  can  now  be  applied  u 
the  beam's  slewing  equations  of  motion,  Eqs.  (5)  and  (6),  a® 
the  actuator's  dynamics,  Eq.  (7),  to  represent  the  systen® 
equations  of  motion  in  matrix  notation.  For  n  modes  of 
vibration,  we  can  represent  the  system  as, 

Mx  +  D  x  +  K  x  =  Bf  ea 


where 


M  = 


Ib+Is 

ii+i*ri(0) 

Jn+isrn(0) 


1 1  +isr  i  (0) ...  in+isrn(0) 

M!  ...  0 

0  ...  Mn  . 


D  = 


by  bvr,(0) 

bvHfO)  bvrj(0)2 


...  bvr„(0) 

...  bvr!(0)rn(0) 


Lbvrn(0)  bvrn(0)r t(0) ...  bvrn(0)2  J 


I 

I 

I 

I 

I 


(7) 


M,co^ 


... 


BfT=^&  [i.o,  rl(o) . rn(0)] 

L 

r i(0)  =  4>i'(0),  Ii=  jpxft(x)dx 
0 

and 

%T  =  [0,  qi,  ....  qj 

where,  Is  =  ImNg ,  is  the  effective  servo  inertia,  and  bv  -  (cv  + 
,  is  equivalent  viscous  friction  due  to  the  the  viscous 

Ka  8 

bearing  friction  of  the  system,  cv,  and  the  back  emf  constant  of 
the  motor.  The  (T)  denotes  the  transpose  of  a  matrix  or  vector, 
and  Mj  is  a  constant  of  normalization  for  the  eigenfunction,  ft. 

The  modal  coordinates,  qi,  ate  not  coupled  to  one  another  in 
either  the  mass  or  stiffness  structural  submatrices,  except  of 
course  through  the  viscous  dissipation  in  the  actuator  as  one 
would  expect. 

Closed  Loop  System 

To  arrive  at  a  closed  loop  response  for  the  system,  the  motor 
armature  is  set  equal  to  various  states  of  the  model,  e.g., 

ca  =  -  Gp  x  -  Gyic  (10) 

The  matrices  Gp  and  Gv  are  the  position  and  velocity  feedback 
row  vectors,  respectively.  Since  precise  position,  or  servo 
control,  is  usually  the  goal  of  a  controlled  flexible  beam,  the 
effects  of  a  servo  controller  will  be  considered  on  the  open  loop 
equations  of  motion.  For  the  closed  loop  response,  the  armature 
voltage  is  set  proportional  to  the  error  signal  generated  by  the 

difference  between  a  reference  signal,  8ref,  and  the  measured 
beam  position,  i.e., 

-  _  v  /  Q  .  id  l  dy(0,0  \  \ 


ea-Kg(0ref-(0  +  ^M)) 


Tachometer  feedback  is  usually  obtained  by  adding  the  negative 
tachometer  signal  to  Ka  (1 1)  in  order  to  obtain  a  control  based 
on  the  angular  velocity  as  well  as  the  angular  position  of  the 
system,  such  that, 

ea  =  Kg(0ref  -(0+2  n<D)  qi ))  -  Kv(0  +  2  H(0)  qj )  (12) 

i=l  t=l 


where,  Kv  =  -tacpD- 1  -  ■*-  is  the  tachometer  signal  measured  at 
Ka 

the  motor  and  Ktach  is  the  tachometer  gain.  The  tachometer 
feedback,  Kv,  has  the  effect  of  changing  the  level  of  viscous 
damping  in  the  motor,  and  hence,  the  slewing  axis 


Combining  the  position  and  velocity  feedback  ,  Eq.  (12)  with 
the  open  loop  system,  Eq.  (9),  the  closed  loop  system  of 
equations  are  found  to  be, 


ft  =  M 
f3=D 

K  =  K  +  KpKfb 

BfT=[Kp,Kpr1(0),...,Kprn(0)] 

and 

Kp  KpTjfO)  ...  Kprn(0) 

Kfb=  KPri(°)  KPn(0)2  ...  Kpr,(0)rn(0) 
_Kprn(0)  KpTnfOr^O)  ...  KpTn(0)2  . 
The  servo  stiffness  is  defined  as, 

NcK.Kb 


where,  Kg  is  the  amplification  gain.  Since  the  equivalent 
viscous  damping  of  the  system,  bv,  now  includes  the  damping 
due  to  the  tachometer  feedback,  it  is  redefi  ned  as, 


bv  =  (cv  +,K.t(jjb  +  Ktach))N82 


The  inclusion  of  the  modal  participation  factors  cause  the 
position  and  velocity  feedback  matrices  to  becomes  fully 
populated,  as  opposed  to  the  single  element  feedback  terms. 

Experimental  Apparatus 

This  experiment  consists  of  a  a  0.0825  cm  (1/32")  thick  by  7.62 
cm  (3")  wide  aluminum  beam  fixed  to  a  1/4  inch  stock  shaft  -  the 
slewing  axis.  The  beam  is  fixed  to  the  slewing  axis  via  a  rigid 
clamp.  The  structure  used  in  this  had  an  effective  length  of  .848 
m,  measured  from  the  slewing  axis  to  the  beam’s  free  end.  The 
motor  was  directly  linked  to  the  flexible  structure  through  the 
slewing  axis  as  indicated  in  the  schematic  of  figure  4.  The 
beam's  slewing  axis  is  bearing  mounted  in  a  rigid  aluminum 
base  which  is  fixed  to  ground.  A  1/16”  square  key  way 
(channel)  is  cut  in  the  shaft,  the  rigid  clamp,  and  the  motor/beam 
coupler. 

The  motor  used  in  the  experiment  was  an  armature  controlled 
DC  electric  motor  manufactured  by  the  Electro-Craft 
corporation,  model#  586-MGHP,  with  the  following 
specifications. 


!m 

5.5xl0'3  oz  in 

1-a 

2.3x10-3  H 

Ra 

1.1  a 

Kb 

5.8  V/kRPM 

Kt 

7.8  oz  in/A 

&k+6*+Rx=  Bf  0ref 


An  EAI2000  analog  computer  was  used  to  condition  the  sensor 
signals,  as  well  as  to  close  the  servo  loop.  The  amplified  servo 
signals  were  fed  to  a  Copley  Servo  Controller,  model#  215,  in 
the  power  amplifier  mode  of  operation.  This  closed  loop  system 
can  be  represented  by  the  block  diagram  of  figure  5.  The 
constants  from  figure  5  have  the  following  definitions. 

Kg  -  analog  computer  gain 

Kamp  -  power  amplification  gain 

Kpot  -  position  feedback 

K^h  •  tachometer  feedback 

A  potentiometer  was  used  to  generate  a  position  signal  for  the 
motor  beam  system,  and  the  angular  velocity  was  measured  via  a 
"built  in"  tachometer  in  the  motor  housing.  In  addition  to  these 
sensors  an  accelerometer  was  used  to  measure  the  acceleration 


The  closed  loop  system  matrices  of  Eq  (13)  are  defined  as. 


at  the  beam  tip.  The  mass  of  the  accelerometer  was 
approximately  5  grams  and  its  effects  were  not  considered  in  the 
modeling  of  the  system. 

The  physical  properties  of  the  beam  were  found  to  be, 

E  =  69x109  Pa 


b  =  3"  (7.62  cm)  h  =  1/32"  (.8  mm) 
p  =  .1698  kg/m 
El  =  .2631  Nm2 

The  rigid  body  inertia  of  the  beam  about  the  slew  axis  is 
calculated  to  be, 


lb  =  .1698 


(.848)3 

3 


=  3.45xl0'2  kgm2 


Closing  Remarks  | 

The  model  presented  in  this  paper  generalizes  other  models  in 
the  literature.  Here  the  effects  of  the  motor  on  the  dynamics 
the  structure  are  accounted  for  through  the  boundary  condition® 
The  interaction  of  the  beam  and  the  motor  are  then  coupled  bp 
consideration  of  the  rotation  due  to  the  modal  deflections  of  the 
structure.  The  experimental  result  indicates  that  this  modeling 
approach  describes  the  physical  system  behavior  fair® 
accurately.  ■ 

The  significance  here  is  thr  Ihe  interaction  between  structure  ani 
actuator  can  be  advantageous  for  vibration  suppression  witho® 
needing  any  structural  sensors.  The  interaction  allows  for  t® 
servo  angular  position  and  velocity  sensors  to  measure  structure 
vibrations  directly.  When  the  modal  participation  factors  of  tl^ 
system  are  nonzero,  feeding  back  the  tachometer  sign® 
generates  damping  for  not  only  the  rigid  body  position  of  t® 
system  but  also  damps  the  flexible  modes  of  the  structure. 


The  effective  inertia  acting  at  the  root  of  the  beam  is,  Is  = 
1.94x1  O’4  kgm2,  which  accounts  for  the  servo  motor  inertia  as 
well  as  the  system's  rigid  clamp. 

The  experimental  modes  of  vibration  were  found  using  the  open 
loop  transfer  function  of  the  system.  The  experimental  and 
theoretical  natural  frequencies  of  the  motor/beam  system  are 
given  in  Table  2.  The  agreement  between  theory  and  experiment 
diverges  for  the  higher  modes  of  vibration.  This  is  most  likely 
due  to  the  rigid  clamp  between  the  beam  and  the  axis.  This 
clamp  extends  from  the  axis  of  rotation  7.4%  of  the  beam  length 
in  the  x  direction  from  the  slewing  axis. 

System  Responses 

To  verify  the  proposed  model,  a  closed  loop  servo  controller 
was  added  to  the  experimental  slewing  beam  as  depicted  in  the 
block  diagram  of  figure  5. 

Frequency  response  functions(FRFs)  were  measured  between 
the  system  output  signals  and  a  disturbance  reference  signal  for 
the  closed  loop  system.  Figure  6  shows  both  the  measured 
tachometer/disturbance  FRF  and  the  acceleration/disturbance 
FRF.  This  model  was  used  to  generate  the 
tachometer/disturbance  FRF  for  the  system,  figure  7.  The  first 
low  frequency  peak  corresponds  to  the  rigid  body  position  of  the 
structure  while  the  higher  modes  of  vibration  corresponds  to  the 
flexible  modes  of  the  structure.  The  predicted  tach/disturbance 
FRF  agrees  reasonably  well  for  the  first  up  to  the  third  natural 
frequency  of  the  system. 

The  time  domain  response  were  also  measured.  A  a  large  angle 
slewing  manuever  was  performed  for  a  30°  step  command 
signal.  Figure  8  contains  the  experimental  response  with  and 
without  added  tachometer  feedback.  In  both  cases  the  system 
was  expected  to  have  roughly  the  same  performance,  i.e.,  a 
settling  time  of  approximately  4  seconds,  and  a  time  to 
maximum  overshoot  of  1  second.  The  predicted  response  of  the 
model  is  plotted  in  figure  9.  Because  of  the  interaction  between 
the  beam  and  the  actuator,  tachometer  feedback  was  added  to  the 
system,  the  flexural  vibrations  of  the  structure  were  damped  out 
for  the  slewing  maneuver.  The  effects  of  the  added  tachometer 
on  the  structural  dynamics  can  clearly  seen  in  figure  10;  this  plot 
contains  the  experimental  np  acceleration  with  and  without  added 
tachometer  feedback  as  well  as  the  model's  response  wuh  added 
feedback.  The  proposed  model  predicted  the  effects  of  this 

added  damping  on  the  modes  of  vibration  because  of  the 
inclusion  of  the  modal  participation  factors  in  our  model. 
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figure  3.  Mode  1  with  varying  inertia  constraints,  I^V<  01. 1.0. 10). 


figure  4.  Schematic  of  the  motor/beam  assembly. 
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figure  5.  Block  diagram  of  the  slewing  control  of  a  flexible  structure. 


Ib/Is 

0.0 

0.01 

0.1 

1.0 

JO.O 

pin-free  0°  f 

aiL 

1.8751 

1.8796 

1.9189 

2.2135 

3.1677 

3.9256 

a2L 

4.6941 

4.6944 

4.6970 

4.7234 

5.0011 

7.0682 

a3L 

7.8548 

7.8548 

7.8554 

7.8610 

7.9190 

10.2078 

84L 

10.9955 

10.9956 

10.9958 

10.9978 

11.0185 

13.3492 

Table  1.  Eigenvalues  of  an  inertia-free  beam  for  various  It/Is. 


mode 

1  2 

3 

4  ' 

5 

~  j 

Theory 

4.130  12.345 

22.579 

36.384 

56.763 

(Hz) 

Experiment 

4.0  11.625 

22.813 

39.625 

63.125 

(Hz) 

Table  2.  Theoretical  and  experimental  natural  frequencies. 
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Abstract 

Timoshenko  beam  theory  is  applied  to  beams 
with  multiple  layers  of  piezoelectric  material 
attached.  The  model  is  developed  using  a 
Hamiltonian  approach,  and  includes  the 
external  electrical  circuit  as  well  as  a  com  plete 
set  of  boundary  conditions.  Resistors  are 
added  to  the  sensor  layers  for  passive  damp  - 
ing.  The  resulting  model  is  then  formulated  in 
state  space. 

Nomenclature 

Subscripts  a„s ,  c  actuator,  sensor,  beam 


A 

Cross  sectional  area 

be 

width  of  the  conducting  surface 

Qj 

element  of  ^astic  matrix 

EJ 

Youngs  modulus 

G 

shear  modulus 

ha»ha 

z-coordinate  of  actuator,  sensor 

h 

outer  z-coordinate 

Hi 

Heaviside  step  function. 

I 

Second  moment  of  inertia 

n 

number  of  segments 

P 

Ext.  applied  normal  forces 

P*P. 

exposed  normal  force  dist. 

Ri 

ith  discrete  resistor. 

Ui 

displacement  field 

E,  D  (3x1) 

electric  and  displacement  fields 

e  (3x6) 

piezoelectric  strain-charge 
coeff. 

h (3x6) 

piezoelec,  strain-voltage  coeff. 

a,  e  (6x1) 

stress  and  strain  fields 

£e(3x3) 

dielectric  permittivity  coeff. 

Pe(3x3) 

dielectric  impermeability  coeff. 

P(x,Z,t) 

shear  bending  angle 

^xx » *hcz 

normal  strain,  shear  strain 

♦ 

T\ 

accounts  for  non-linear  cross- 
section  deformation 

<t>(x,t) 

voltage 

Ce 

electric  charge 

P 

density 

\jr(x,t) 

beam  bending  angle 

1.  Introduction 

The  problem  of  controlling  the  dynamic  re  - 
sponse  of  large  space  structures  has  been  the 
subject  of  much  research  for  the  last  several 
years.  Several  types  of  control  systems  have 
been  investigated.  They  can  be  broadly 
classified  as  discrete  and  distributed  control 
systems.  Examples  of  discrete  control 
systems  include  proof  mass  actuators  [1], 
torque  wheels  [2],  thrusters  [3],  and  discrete 
piezoelectric  ele  ments  [4],  Distributed  control 
systems  can  be  broadly  classified  as  passive 
and  active.  The  most  common  example  of 
passive  control  is  constrained  layer  damping 
treatments,  which  are  compared  in  [5].  An 
example  of  distributed  active  control  are 
layers  of  piezoelec  trie  materials. 

There  are  several  advantages  to  implementing 
a  distributed  control  scheme.  First,  as  the 
current  designs  for  space  structures  grow  in¬ 
creasingly  flexible,  the  difference  between 
ground  tests  of  these  structures  in  a  strong 
gravity  field  and  their  actual  on-orbit  behavior 
increases,  and  determining  discrete  actuator 
and  sensor  placement  becomes  more  difficult 
This  can  be  avoided  using  distributed 
actuators  and  sensors.  Distributed  control 
schemes  are  less  sensitive  to  individual 
actuator  and  sensor  failure.  Some  distributed 
control  schemes  can  control  all  modes  for 
certain  boundary  conditions,  and  thereby 
avoid  modal  truncation  and  the  ac  companying 


problems  of  control  and  observation  spillover 

[6]. 

In  terms  of  resulting  loss  factors,  piezoelectric 
control  can  achieve  higher  damping  ratios 
than  equivalent  passive  damping  treatments 
[5,7,8].  Primarily  for  this  reason,  several 
researchers  have  been  examining  different 
aspects  of  the  problem  of  controlling 
vibrations  with  piezoelectric  materials. 
Hubbard,  et.  al.,  have  developed  a  model  of  a 
beam  with  has  both  a  layer  of  piezoelectric 
sensor  material  and  a  layer  of  piezoelectric 
actuator  material,  using  Euler-Bemoulli  beam 
theory  [6,7,9].  Similar  models  were 
developed  by  Obal  and  Hanagud  [10],  Tzou 
developed  a  model  of  distributed  piezoelectric 
materials  using  Euler-Bemoulli  beam  theory 
[1 1],  while  Lee  and  Moon  developed  a  model 
for  a  plate  using  Eu  ler-Bemoulli  bending 
deformation  assumptions  [12]. 

The  objective  of  this  research  is  to  develop  an 
electromechanical  equations  of  motion  for  a 
beam  with  multiple  layers  of  attached  piezo  - 
electric  materials.  The  motivation  for  using 
multiple  layers  is  to  provide  greater  control 
authority  to  the  structure  to  be  controlled.  The 
approach  taken  is  to  use  Timoshenko  beam 
theory  in  conjunction  with  a  Hamiltonian 
energy  method  for  each  individ  ual  layer  of  the 
beam.  Since  one  control  objective  is  to  add 
damping  to  a  structure,  a  resistor  network  is 
added  to  the  sensor  layers  to  provide  both  the 
sensor  output  voltage  in  an  explicit  form  as 
well  as  a  mechanism  for  dissipating  energy. 

2.  Theory 

The  structure  of  interest  is  shown  in  Fig.  1, 
and  is  considered  to  have  5  layers:  an  original 
substructure,  a  top  and  bottom  layer  adjacent 
to  the  substructure  which  will  be  considered 
the  sensors,  and  outer  layers  on  the  top  and 
bottom  which  are  considered  to  be  the 
actuators,  where  the  sensors  and  actuators  are 
piezoelectrically  active  material.  The 
procedure  this  analysis  follows  is  to  analyze 
each  layer  separately  as  shown  in  Fig.  2, 
which  exposes  the  electrical  boundaries  as 
well  as  the  interlaminar  stress  distribution. 
Hamilton's  principle  will  then  be  applied  to 
each  layer  and  electrical  network.  The  layers 
can  be  linked  through  the  exposed 
interlaminar  stress  distribution. 

Several  assumptions  are  made  about  the 
configuration  to  be  analyzed.  First,  the 
piezoelectric  material  is  taken  to  be 
polyvinylflouride  film  (PVDF).  While  it  does 
not  exhibit  the  forces  that  piezoelectric 


ceramic  materials  generate,  it  is  very  pliable 
and  not  brittle  like  the  crystals  are. 
Additionally,  it  can  easily  be  manufactured  in 
sheets,  and  applied  in  a  distributed  manner. 
The  layers  are  assumed  to  be  perfectly 
bonded.  This  configuration  was  also  chosen 
such  that  the  structure  is  symmetric  about  the 
centroidal  axis,  hence  the  neutral  axis  is 
coincident  with  the  centroidal  axis,  which 
allows  a  clearer  analysis  of  the  piezoelectric 
effects  on  the  equations  of  motion.  The 
mechanical  effects  of  the  conducting  surfaces 
sputtered  on  the  piezoelectric  materials  can  be 
neglected  since  their  thickness  is  on  the  order 
of  microns.  The  mechanical  effects  of  the 
bonding  layers  will  also  be  neglected,  at  the 
appropriate  time  they  can  be  included  in  the 
model  by  increasing  the  number  of  layers  to 
be  analyzed.  As  a  final  assumption,  none  of 
the  layers  are  considered  to  deform  in  the 
thickness  direction. 

The  assumption  about  deformation  of  the 
beam  follows  Timoshenko  beam  theory,  and 
is  given  as, 


ui  =  -zt]  \|/(x,t) 

u2  =  0  (1) 

u3  =  w(x,t) 

where  displacement  directions  u  j,  U2,  and  U3 
correspond  to  the  x,  y,  and  z  directions, 
respectively,  shown  in  Fig.  1. 

The  strain  displacement  relations  are  given  as, 

o  _  -» 

Exx-'Z^l  i)x  (2) 

exz  =  Tp(x,z,t) 


and  all  other  strains  are  considered  zero. 

There  are  two  mechanisms  by  which  energy  is 
considered  to  be  dissipated.  Viscous  (air) 
damping  occurs  because  the  structure  is 
usually  vibrating  in  a  fluid,  and  is  represented 
by  the  coefficient  C  j.  The  structural  damping 
is  modelled  as  Kelvin- Voight  damping,  and  is 
proportional  to  strain  rate,  therefore  there  is  a 
coefficient  for  the  normal  strain,  C  j,  and  the 
shear  strain,  Q. 

The  constitutive  laws  for  piezoelectric 
materials  relate  the  electrical  and  mechanical 
effects.  Two  versions  of  the  constitutive  laws 
are  presented  here,  and  they  can  be  related  to 
one  another  by  simple  transformations  [13].  If 
the  piezoelectric  layer  is  configured  as  a 
sensor,  that  is,  if  the  voltage  output  is  of 
interest,  then  the  appropriate  constitutive  law 
to  use  is 


a  =  cEe+etE 


D  =  ee  +  £eE  (3) 

where  superscript  t  represents  the  transpose. 

If  the  layer  to  be  modelled  is  configured  as  an 
actuator,  then  the  voltage  field  is  applied,  and 
is  an  independent  variable,  so  the  appropriate 
form  of  the  constitutive  law  is, 

o=cDe  -  h'E  (4) 

E=-he  +  P(D 

Analysis  of  the  Sensor  Layer 

The  Hamiltonian  for  the  sensor  layer  is  given 
as, 


tl 


where  T  is  the  kinetic  energy,  W  nc  represents 
the  energy  dissipation  due  to  damping 
mechanisms,  and  Wcxt  represents  the  work 
crossing  the  boundary  of  the  system.  This 
term  accounts  for  mechanical  work  in  the 
form  of  the  applied  forces  to  the  beam  and  the 
exposed  interlaminar  stress  distribution,  and 
electrical  energy  crossing  the  boundary.  The 
integrals  are  with  respect  to  time,  or  over  the 
volume,  v,  or  the  surface  area,  s. 

H  represents  the  electric  enthalpy,  which  is  the 
appropriate  term  to  use  for  the  sensors,  since 
the  sensor  voltage  distribution,  which  can  be 
related  to  the  electric  field  within  the 
piezoelectric  layer, 


is  the  variable  of  interest  [14].  This  term  can 
be  derived  from  the  internal  energy  through  a 
Legendre  transformation,  H  =  U  -  ET).  The 
unknowns  are  the  sensor  voltage  distribution, 
interlaminar  stress  distribution,  and  beam 
displacements. 

Developing  a  Hamiltonian  formulation  of  the 
external  electric  circuit  yields, 


tl 


to 


where  Wnc  represents  the  energy  dissipated  by 
the  resistor,  and  Wext  represents  the  energy 
crossing  the  boundary  from  the  surface  of  the 
piezoelectric  material  conductor  surface. 
Taking  the  first  variation  and  setting  the  result 
equal  to  zero  yields  the  resulting  equations  of 
motion.  Since  the  variation  of  each  of  the 
unknowns  is  arbitrary,,  to  set  thfe  complete 
Hamiltonian  to  zero  requires  that  the  terms 
modifying  each  unknown  must  equal  zero. 
Thus,  each  unknown  will  yield  an  equation. 
For  the  first  variation  of  the  transverse 


displacement  of  the  beam,  8w(x,t),  the 
resulting  equation  is, 

2 

-V<M»]  &>4CAS  |[^.v(x,t))) 
+  Pa(x,t)  -Ps(x,t)=0  (9) 

where  the  first  three  terms  are  the  same  as  for 
a  Timoshenko  beam,  P  (x,t)  represents  the 

A 

normal  component  of  the  exposed  force 

distribution  between  the  actuator  and  sensor 

layer,  and  P  (x,t)  represents  the  normal 
s 

component  of  the  exposed  force  distribution 
between  the  sensor  layer  and  the  sub¬ 
structure. 

For  the  first  variation  of  the  bending  angle  .of 
the  beam,  8\|f(x,t),  the  resulting  equation  is, . 

3v(x,t)j  3  T  cty(x,tX  . 


+  [KLC55A(^-^M 


+|tcsis|(^)] 

^as!^.¥)] 


+  #bc'31  iV*'01 

+  v(x,t)h -v(x,t)h  =  0  (10) 

s  s  a  a 

The  first  five  terms  would  result  from  a 


standard  Timoshenko  beam  with  damping. 
The  shear  force  distribution  from  the  actuator 


layer  and  sub-structure  are  represented  by 
v  (x,t)h  and  v  (x,t)h ,  respectively.  The  terra 

&  <x  S  S 

of  interest  in  this  equation  is 


h+h 


(ID 


where  4>  (x,t)  is  the  resulting  voltage 

u 

distribution.  It  is  through  this  term  that  the 
mechanical  deformation  of  the  beam  is 
directly  influenced  by  the  piezoelectric 
properties  of  the  sensor  layer.  Note  that  if 
none  of  the  quantities  in  this  term  vaiy 
spatially,  then  when  the  derivative  term  is 
applied  the  result  will  be  zero,  and  the  most 
direct  electro-mechanical  coupling  mechanism 

will  be  lost.  Note  that  although  <j>s(x,t)  is 

represented  as  being  spatially  dependent,  the 
conducting  surface  causes  the  voltage  to  be 
constant  along  the  surface  of  the  beam. 

This  has  been  recognized  by  other  researchers. 
To  keep  this  term  active,  Hubbard,  et.  al. 
varied  the  width  of  the  conducdng  surface 
with  respect  to  the  length  of  the  beam  [6]. 
Lee  and  Moon  used  that  technique  in  addition 
to  varying  the  piezoelectric  property 
represented  by  e3J  with  respect  to  space  by 

varying  the  polarization  field  during 
manufacture  of  the  film  [12], 


We  propose  to  vaty  the  voltage  <>  (x,t)  by 

o 

segmenting  the  conducting  surface  in  a 
manner  analogous  to  finite  element  analysis  of 
beams,  and  can  be  easily  accomplished  by 
etching  the  conducting  surface.  This  is 
represented  in  Fig.  3,  and  for  n  segments 
results  in  n  sensor  output  voltages.  Given  this 

structure,  we  will  still  consider  <j>  (x,t)  as  a 

distributed  quantity,  and  the  first  variation 
yields  the  equation, 


b  e 
c  31 


h+h 

s _ a 


t 


4>s(x,t) 


+  bc  (x,t)  =  0  (12) 

c  se 


where  cr  is  the  charge  distribution,  which 

SC 

can  vary  spatially.  Note  that  this  is  also  a 
coupled  electro-mechanical  equation.  A 
complete  set  of  boundary  conditions  result 
when  the  first  variation  is  applied,  and  these 
are  given  as 
*2 


ft|/(x,t) 

dx 


^  x  5 

CJS 


h+h  ]  ,  . 

+  bce3l"VL<l>s(x’t)  H  dt=0  <13) 
J  '  0 

and 


A* 

It 


8w 


dt  =  0 


0 

(14) 

The  only  term  different  than  the  usual 
boundary  conditions  for  the  Timoshenko 
beam  is  the  last  term  in  Eq.  (13).  If  none  of 
the  quantities  vary  spatially,  this  is  the  only 
term  through  which  electro-mechanical 
coupling  can  be  implemented,  and  leads  to  a 
boundary  control  problem  [6]. 

The  equation  describing  the  external  circuit 
results  from  the  variation  of  the  current  in  Eq. 
(7),  and  is  given  as 
*i+l 

JRibc~ir^t  =  <{>si(t)  fori=1’-’n-1  <15) 

xj  1  C 

Note  that  energy  dissipation  is  represented  by 
the  first  time  derivative  of  the  charge 
distribution.  Using  Heaviside  unit  step 
functions,  the  discrete  sensor  output  voltages 
can  be  related  to  the  distributed  sensor 
voltages,  and  will  allow  us  to  view  the 
structure  as  a  combined  distributed  and 
discrete  system.  This  relation  is  given  as, 
n 

^•^Zwmvr^1  (16> 

i=l 


Analysis  of  the  Actuator  Layer 

The  analysis  of  the  outer  actuator  layer 
proceeds  in  a  similar  fashion  as  the  sensor 
layer,  with  two  important  differences.  First, 
since  the  electric  field  is  applied,  the 
dependent  variable  is  the  actuator  charge 
distribution.  Therefore,  the  proper  energy 
term  to  use  in  Eq.  (5)  is  U,  the  internal  energy, 
not  the  electric  enthalpy.  The  most 
convenient  form  of  the  constitutive  law  to  use 
is  given  by  Eq.  (4).  Secondly,  there  is  no 
significant  external  electric  circuit  to  consider, 

the  applied  voltage  <(>a(x,t)  is  taken  to  be  an 
ideal  voltage  source.  The  unknowns  are  the 
interlaminar  stress  distribution,  beam 
displacements,  and  the  actuator  charge 
distribution. 


3.  State  Space  Formulation 


A  set  of  equations  is  obtained  for  each  layer. 
They  can  be  combined  through  the 
interlaminar  stress  distribution  terms,  which 
will  be  equal  and  opposite  for  adjacent  layers. 
The  resulting  combined  equations  are  then 
cast  in  a  state  space  model,  given  as 

x  =  Ax  +  bu 

y  =  cx  (17) 

where  the  state  variables  are  given  as  x  =  [w, 


\| /,  w,  \jr,  a]1,  y  is  the  output  vector  of  discrete 
sensor  voltages  given  as  [(^(O.t^ft),..., 


({>  (t)]1.  The  inputs  to  the  multilayered  beam 
are  the  external  forces  and  the  applied  voltage 

distribution,  so  that  u  =  [PfoO.tjJafot)]1,  and  b 
is  given  as 

«  riooooi 
bt=LooooiJ  (18) 


(19) 


The  distributed  state  space  model,  A,  is  given 

in  operator  notation  as, 

0  0  10 

0  0  0  1 

L  -L  L  -L  -L 

1  2  3  4  5 

L.  L.  "L.  L. .  L. .**L4  _ 

6  10  9  11  12  13 

o  -li5  o  o 

where  the  operators  are  presented  in  Table  1. 
The  output  matrix,  .c,  is  given  as 

X1 


0  ‘ 

0 

0 

L14 

L16- 


0  0  0  0  HtJRibi(*)dl 


(20) 


x 

0  0  0  0  s  |W>d‘ 

Xn-1 

Using  the  sensor  voltages  as  the  control  inputs 
to  the  actuators,  multiplied  by  a  gain.  This  is 
represented  as 

. ♦„«*- 


-tGWn  [^(0,^(1) . (21) 

where  specifying  collocated  sensors  and 
actuators  will  yield  a  diagonal  gain  matrix. 

The  discrete  actuator  voltages,  <|>  (t)  can  be 

mapped  into  the  distributed  actuator  voltage 


<j)  (x,t)  using  the  technique  presented  in  Eq. 

16.  The  energy  dissipation  taking  place  in  the 
external  resistors  connected  to  the  sensor 
segments  can  then  be  enhanced  by  feedback  to 
the  actuator  layer. 


5.  Summary 

A  Hamiltonian  approach  has  been  used  to 
develop  the  equations  of  motion  for  a  beam 
consisting  of  a  substructure  with  multiple 
layers  of  piezoelectric  material  attached. 
There  are  several  significant  aspects  to  this 
model.  First,  the  individual  layers  of  the  beam 
are  separated  to  help  obtain  the  proper 
electrical  and  mechanical  boundary 
conditions,  and  Timoshenko  bending 
deformation  assumptions  are  utilized. 
Secondly,  the  conductors  of  the  sensor  and 
actuator  layers  are  considered  segmented  to 
allow  for  a  spatially  varying  voltage 
distribution.  Resistors  are  added  to  the  sensor 
layer  to  allow  for  passive  damping.  Finally,  it 
is  shown  that  different  energy  functions  are 
appropriate  to  use  in  the  Hamiltonian 
formulation  of  each  layer,  depending  on 
whether  that  particular  layer  is  configured  as  a 
sensor  or  as  an  actuator. 

A  state  space  model  is  then  proposed  which 
will  implement  the  control  objective  of  adding 
damping  to  the  beam.  Future  research  will 
focus  on  discretizing  this  model,  and 
simulating  and  evaluating  the  disturbance 
attenuation  of  the  system. 
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This  p:i|H'r  prcscnls  ;m  mulysis  nf  :hc  mu  t.„  i  -  .  striixTiirv,  an  nchialnr  used  to  control  the  vibration 

of  the  structure,  .iml  (lie  control  law  to  ;><  <  .uluutor.  I  he  rnutiol  hardware  used  Is  a  proof-max 

actuator  with  c\|>crimrntall\  mili.il  il\oamic  »  < .  inn  used  in  a  space  structure  configuration.  A  local 

rtilt'-rcrillnirk  tooliol  lust  is  iiseil  I  to  iiitiiinl  ..I  ■  »,<  dot,  not  stnieliires  is  presi'Uleil.  The  first  structure  is  a 
canlilesercd  lK-aui  conslrueteil  ol  a  ipiast-isoiiopo  xiuiposile  inalenal  that  is  conlrolled  liy  a  single  actuator 
forming  the  experimental  coiii|Hineul  of  the  imesligalion  I  lie  secontl  strut  lure  is  a  linile-elenient  mmlcl  of  a  truss 
system  controlled  by  a  single  actuator.  Models  ot  Imtli  sliuelures  predict  the  presence  of  potential  Instabilities  in 
system  performance  if  proper  consideration  is  not  given  to  interactions  between  the  control  law,  the  structure,  and 
the  actuator. 


I.  Introduction 

HE  control  of  large  flexible  space  structures  by  a  small 
number  of  control  devices  acting  at  a  few  points  along  the 
structure  has  sparked  intensive  research  over  the  last  ten 
years.1-3  A  majority  of  the  work  in  this  area  has  neglected  the 
effects  of  actuator  dynamics  in  modeling  the  closed-loop 
system.  Recently,  concern  has  developed  over  the  effects  of 
actuator  dynamics  in  the  design  of  control  laws  for  flexible 
structures.4-6  The  emphasis  of  this  paper  is  to  examine  the 
effects  that  both  actuator  dynamics  and  control  forces  have 
on  the  performance  of  the  actuator/struclure  system  H«ih 
experimental  and  numerical  results  arc  presented 

The  control  device  used  in  this  work  is  a  pr»*ol  iu.iw 
actuator  (PMA)  developed  for  the  Structural  Dvii.miikx 
Branch  of  the  NASA  Langley  Research  Center  by  rc-o  n 
at  the  University  of  Virginia”1  and  the  Stale  I  no.’  ■  .a 
New  York  at  Buffalo4 1,1  This  aclualoi  has  been  si.  i  . 
tested'"  and  is  cap, .hie  of  generating  arbitrarv  xotui..i  •,  ,  „ 
The  onboard  microcontroller  is  capable  ol’iniplcm  •n",v 
cated  control  laws  or  can  serve  as  a  local  cx*iimo||,  •  t 
hierarchical  control  aichttcMorc  The  actu.itoi  x li.n .i> km  'us 
arc  described  in  Sec.  II 

The  first  structure  used  in  this  study  is  a  simple  x.iniilcwied 
beam  constructed  of  a  quasi-isotropic  composite  muicnal 
being  considered  for  use  in  flexible  space  situciuie  xousuuc- 
tion."  The  material  has  unusual  damping  pioperiies'-'  Inn  is 
strong  and  lightweight  A  simple  experiment  using  the  PMA 
and  the  composite  beam  piovidc  a  preliminary  look  at  con¬ 
trol/structure  interaction  phenomena.  The  aeUi.iioi  composite 
beam  system  and  corresponding  experiment  and  analysis  is 
discussed  in  detail  in  Sec.  Ill 

The  numerical  study  consists  of  using  a  reduxvd  i 
finite-element  model  of  the  proposed  Control  M  I ■  ,W. 
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Structures  (COFS)  I  flight  article.4  The  control  devices 
mounted  on  the  COFS  I  flight  article  are  fundamentally  the 
same  as  the  PMA  described  in  Sec.  II.  The  configuration  used 
in  the  study  is  the  COFS  I  flight  article  controlled  in  one  plane 
of  vibration  using  a  rate-feedback  control  law.  This  model  is 
described  in  Sec.  IV  and  analyzed  for  different  actuator 
configurations  in  Sec.  V. 

II.  Actuator  Dynamics 

The  actuation  device  chosen  for  this  study  is  the  NASA/ 
UVAi'UB  proof-mass  actuator.9  The  actuator  system  is  com¬ 
posed  of  a  movable  proof-mass,  a  fixed  coil,  two  colocated 
xonxois.  a  digital  microcontroller,  and  a  power  amplifier  as 
descitbcd  m  detail  in  Refs.  9  and  10.  All  of  the  actuator 
components  arc  mounted  as  a  single  unit  with  power  lines 
being  the  only  external  connection  required  by  the  actuator 
system  n>  «>|>eiule.  Hie  PMA  is  a  reaction-type  force  actuator 
m  dial  ii  xieates  a  force  by  reacting  against  an  inertial  mass. 
I  igure  I  shows  an  experimentally  verified  model  of  the  PMA 
attached  to  a  single-degrec-of-freedom  structural  model.  The 
dynamics  ol  the  PMA  can  be  modeled  as  a  single-dcgree-of- 
liceiloiu  oscillator  with  the  addition  of  a  force  generator 
acting  between  the  proof-mass  and  the  structure.  The  equa¬ 
tions  of  molion  for  this  model  are  given  as 


Here  M,  is  the  equivalent  lumped  mass  of  the  structure  and 
the  parasitic  mass  of  the  actuator  (PMA  system  mass  minus 
the  proof  mass).  The  structure  is  also  assumed  to  have  viscous 
damping  coefficient  C,  and  stiffness  Ks.  The  mass  of  the  proof 
mass  is  denoted  by  mp.  The  inherent  electronic  damping  of  the 
PM  \  xvsien-  due  to  the  back-emf  in  the  fixed  ceil  is  denoted 
.v  !  u  <  Tronic  siifl’ness  force  required  to  keep  the  proof 
■ '  m  a.  housing  is  denoted  by  kp.  This  centering 
•oh.  >s  .:xd  m  laboratory  experiments  to  overcome  the 
lompoucnt  .9  gravity  that  would  cause  the  proof  mass  to  slide 
to  on.- 1  ml  mj  impact  the  outer  case.  Additionally,  it  will  be 
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Fig.  2  Open-loop  intrtance  frequency  response  function.  Fig.  3  Closed-loop  inertance  frequency  response  function. 


shown  in  See.  Ill  that  the  centering  force  is  required  for  the 
closed-loop  system  to  be  asymptotically  stable.  The  coordi¬ 
nate  x,  denotes  the  displacement  of  the  structure,  while  x2 
denotes  the  displacement  of  the  proof  mass.  The  overdots 
represent  time  derivatives.  The  addition  of  the  desired  control 
law  is  modeled  as/,,  a  force  generator  that  applies  equal  but 
opposite  forces  onto  the  structure  and  the  proof  mass. 

To  determine  the  inherent  dynamic  properties  of  the  PMA 
system,  the  actuator  was  attached  to  a  nonmoving  structure 
(A/,  locked  in  Fig.  1).  The  frequency  response  function  of  the 
total  force  applied  to  the  structure  (the  reactions  of  the 
spring,  damper,  and  force  generator)  to  the  voltage  command 
to  the  force  generator  was  measured  experimentally.  Lei  F(s) 
and  F(j)  denote  the  Laplace  transform  of  the  total  applied 
force  and  the  voltage  command  to  the  force  generator,  respec¬ 
tively.  The  experimentally9  verified  transfer  function  for  the 
PMA  system  is 

F(s)  _  GxG2mps2  _  g  _ 

F(s)  m^2  +  GxG2cps  +  GxG2kp  1  ‘s2  +  2{/,w/,  +  «; 


,2  = 


G\G2kp 


mn 


2La>„  = 


GiG2c/, 


II  1„ 


(2) 


Here,  GX(NIA)  is  the  electromagnetic  gain  of  the  PMA’s  coil, 
and  G2(A/V)  is  the  power  amplifier  gain.  The  inherent  d> 
namics  of  the  PMA  are  seen  to  be  that  of  a  high-pass  filter 
whose  characteristics  are  shaped  by  the  spring  and  damper 
rates.  The  simplest  way  to  characterize  the  dynamics  of  the 
actuator  is  by  its  break  frequency  ujp,  which  indicates  die 
frequency  at  which  the  Bode  magnitude  plot  of  the  PMA 
breaks  fiat  from  a  40  dB/decade  rise,  and  the  phase  plot  goes 
through  90  deg.  The  break  frequency  corresponds  roughly  to 
the  natural  frequency  of  the  actuator. 

The  transfer  function  relating  the  total  applied  force  / 
and  the  output  of  the  force  generator  fs(s)  can  be  obtained 
from  Eqs.  (2)  by  considering  a  free-body  diagram  of  mass  mp 


in  Fig.  1  (again  with  A/,  locked)  and  is  given  by 

fM  _  ,  2C„a )ps  +  a>l 

F(*)  •  s2  (3) 

Equation  (3)  reveals  that  as  s  ->  oo,  the  total  force  applied  to 
the  structure  is  equal  to  the  output  of  the  force  generator. 
Physically,  this  corresponds  to  the  fact  that  both  the  displace¬ 
ment  and  velocity  of  the  proof  mass  tend  to  zero  as  the 
frequency  content  of  the  force  generator  command  signal 
tends  to  infinity. 

III.  Composite  Beam  System 

An  experimental  test  of  the  PMA’s  ability  to  control  vibra¬ 
tion  using  a  rate-feedback  control  law  was  performed  using  a 
text  structure  made  of  a  quasi-isotropic  composite  material" 
configured  as  a  cantilevered  beam.  The  PMA  system  was 
uituc'licd  ai  the  up  (lice  end).  In  addition  to  the  two  sensors 
contained  within  the  PMA  system,  an  independent  accelerom¬ 
eter  was  mounted  at  the  tip  to  monitor  the  vibrations  of  the 
beam  The  rate-feedback  control  law'  was  implemented  by 
digitally  integrating  the  accelerometer  signal  contained  within 
die  PMA  system  and  multiplying  by  an  appropriate  gain.  In 
this  experiment,  the  electronic  centering  force  gain  kp  was 
selected  such  that  the  break  frequency  of  the  actuator  was 
slightly  lower  than  the  fundamental  mode  of  vibration  of  the 
cantilevered  beam.  A  detailed  description  of  the  experimental 
setup,  control  law  implementation,  and  experimental  methods 
is  provided  in  Ref.  10. 

I  lie  modal  properties  of  the  uncontrolled  and  controlled 
structure  were  determined  using  both  time  and  frequency 
domain  identification  techniques.  The  uncontrolled,  or  open- 
loop,  system  consists  of  the  cantilevered  beam  with  the  para¬ 
sitic  mass  of  the  actuator.  The  measured  inertance 
taccJciation.  lorcc)  Ircqucncy  response  function  is  shown  in 
I  ig.  2.  Using  the  circle-fit  identification  technique,13  the  natu- 
ial  frequencies  were  determined  to  be  3.49  and  29  Hz,  with 


84 


D.  C.  ZIMMERMAN  AND  D.  J.  INMAN 


J.  GUIDANCE 


damping  ratios  of  0.2  and  1.0%,  respectively.  These  values 
were  aiso  confirmed  by  using  the  eigensystcm  realization 
algorithm14  (ERA)  time  domain  modal  identification  tech¬ 
nique. 

The  closed-loop  system  consists  of  the  open-loop  system 
with  the  proof  mass  added  and  the  control  law  turned  on. 
Although  difficult  to  see  from  the  measured  inertance  fre¬ 
quency  response  function  of  the  "losed-Ioop  system  in  Fig.  3, 
an  additional  natural  frequency  appears.  These  three  frequen¬ 
cies  and  corresponding  damping  ratios  were  again  identified 
using  the  circle-fit  method  and  verified  using  ERA.  The 
closed-loop  system  exhibits  natural  frequencies  at  3. 1 *>.  4.03. 
and  28  Hz,  with  damping  ratios  of  0.2.  9.4.  and  I  9"..  The 
appearance  of  a  third  mode  of  vibration  is  due  !<>  the  I’M  A 
dynamics,  and  is  referred  to  as  the  actuator-dominated  mode. 
The  actuator-dominated  mode  is  the  sharp  narrow  peak  at 
3.19  Hz  in  Fig.  3.  The  first  stiuetural  mode  is  slutted  up  to 
4.03  Hz,  in  accordance  with  the  first  monotonicity  principle.1' 
and  is  heavily  damped  by  the  control  law 

The  effect  of  the  control  system  on  the  structure's  response 
is  best  examined  in  the  time  domain.  Figure  4  illustrates  the 
open-loop  time  response  of  the  accelerometer  located  at  (he 
tip  of  the  beam.  Examination  of  the  response  indicates  that 
the  open-loop  system  is  very  lightly  damped,  illustrating 
substantial  oscillation  even  after  16  s  have  elapsed.  The 
closed-loop  system  response  illustrated  in  Fig.  5,  subject  to  an 
equivalent  impact,  shows  a  substantial  increase  in  damping, 
essentially  reducing  the  structural  vibration  to  small  levels  in 
less  than  2  s.  However,  Fig.  5  also  illustrates  that  a  very  small 
amplitude  and  lightly  damped  oscillation  occurs  at  3.19  Hz, 
which  is  the  actuator-dominated  mode.  This  oscillation  repre¬ 
sents  a  degradation  of-  the  closed-loop  system  performance 
because  of  the  interaction  between  the  structure,  the  control 
law,  and  the  actuator  dynamics. 

To  gain  a  further  understanding  of  the  structure/actuator 
dynamics  in  conjunction  with  the  rate-feedback  control  law, 
consider  a  two-mode  model  of  the  controlled  structure  con¬ 
sisting  of  the  actuator-dominated  mode  (3.19  Hz)  and  the  first 
structural  dominated  mode  (4.03  Hz).  The  second  structural 
dominated  mode  (28  Hz)  is  not  included  in  this  model  because 
its  contribution  to  the  total  time  response  of  Figs.  4  and  5  is 
minimal.  The  equations  of  motion  are  then  given  by  Eq  ( I ). 
with  fg  being  the  rate-feedback  control  law,  fg  =  Sub¬ 
stitution  of  the  control  law  into  Eq.  (I)  and  moving  the 
control  term  to  the  left  side  of  the  equation  yields  a  closed- 
loop  damping  matrix  of 


The  homogeneous  equation  for  the  closed-loop  system  is  no 
longer  symmetric  and  positive  seinidclinile,  indicating  the 
possibility  of  an  unstable  response."'  The  .uuth  stability 
criteria  can  be  utilized  to  determine  the  stable  and  unstable 
regions  in  the  parameter  space.  The  characteristic  equation 


for  the  system  is  given  as 

/4  +  (CJM,  +  Cp/Mj  +  Cpjmp  -  d/M,)X3 

+  (KJM,  +  kp)M,  +  A,/m,  +  C,cpl(M,m,))X2 
+  (K,cpKM/np)  +  CJcpl(M/np))X  +  KJc^Mjn,)  «  0  (5) 

With  the  aid  of  MACSYMA,17  the  inequality  relations  for  the 
rate-feedback  gain  d  in  terms  of  the  actuator  and  structural 
properties  for  a  stable  closed-loop  system  are  given  as 

d  <  C,  +  cp  +  M,cpjmp  (6a) 

d  <  [mp(Ks(Cs  +  cp)  +  k„(C,  +  cp)  +  nipi'lMjCpkp 

+  C\c;  -  C;cp)  +  M,(C,c2p  +  MjCpkp)]l 

[/>/;,( K\  +  A-,,)  +  mp(Mykp  -  C'Cp)]  (6b) 

d>  -  C;cpl\l(2Ksmp)  +  l/(2A,m,)] 

+  ( 1/2 )(C,  +  cp  -  KjCp/kp  +  Mscp\mp  ■ 

-  MtC,kp/K,mp  -  CpkplK ,  ±  {W,(C,m,cfk,)* 

+  C,K~nrpC3kp)(M3  +  mp)  +  MtC,K,m\cpk){M,  +  2m,) 

+  Klm*pCpkp(C,  +  cp)  +  C,K/n3Cpkp(mp  +  C,K,  cf) 

+  CsKsm}pkp{C)kp  +  C,mpkp  -  2M,K,cpkp)] 

+  \(KsntpCpkp  -  Csmpkp)(M,  +  mp)  +  CJC/np{rnpkp-c}) 

~Cp>np(C}kp  +  K}mp)Y)^M2K^kp)  (6c) 

Additionally,  inspection  of  the  last  term  of  the  characteristic 
equation  reveals  that  the  electronic  centering  force  kp  is  a 
requirement  for  the  closed-loop  system  to  be  asymptotically 
stable.  If  no  centering  force  is  provided,  the  last  term  in  Eq. 
(5)  is  zero  and,  thus,  the  system  would  exhibit  an  uncontrol¬ 
lable  rigid-body  mode.  This  can  also  be  seen  by  examining  the 
stiffness  matrix  of  Eq.  ( 1)  for  the  case  of  kp  =  0.  The  existence 
of  this  rigid-body  mode  is  independent  of  the  choice  of 
control  law  implemented  by  the  actuator. 

The  physical  parameters  of  the  two-mode  model'  dezeribed 
by  Eq.  (I)  were  determined  by  independent  tests  of  the 
actuator10  and  the  beam.12,18  The  constants  associated  with 
the  beam  dynamics  Ms,  C,,  and  K,  were  determined  to  be 
1.1537  kg.  0.2  N-s/m,  and  554.75  N/m,  respectively.  In  deter¬ 
mining  these  constants,  it  was  assumed  that  the  structure 
behaved  as  an  ideal  cantilevered  beam.  The  constants  associ¬ 
ated  with  the  actuator  dynamics  mp  and  c,  (converted  to 
mechanical  units)  were  determined  to  be  0.232  kg  and  0.76  N- 
s/m,  respectively.  In  the  control  experiment,  the  value  of  kp 
converted  to  mechanical  units  was  108.27  N/m.  Substituting 
these  values  into  Eq.  (6),  it  is  found  that  Eq.  (6c)  is  the  active 
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Fig.  6  System  root  locus.  Fig.  7  Model  damping  ratio  n  feedback  gain  d. 


constraint,  and  the  rate-feedback  d  for  a  stable  control  system 
must  satisfy  the  inequality 

- 1.55  Zd<.  2.145  N-s/m  (7) 

In  the  active  control  experiment,  the  gain  d  implemented  by 
the  8751  control  program  was  d=  -1.2  N-s/m,  whereas  the 
gain  required  to  match  the  model  damping  ratios  experimen¬ 
tally  identified  and  those  predicted  by  Eq.  (I)  is  </  =  —  1 .4 
N-s/m.  This  difference  can  be  accounted  for  by  the  relative 
error  in  the  identified  structural  parameters.  In  either  case,  the 
rate-feedback  gain  used  in  the  experiment  is  relatively  close  to 
the  unstable  region. 

The  effect  of  the  rate-feedback  gain  on  the  closed-loop 
poles  can  be  demonstrated  by  plotting  the  root  locus  of  the 
system  transfer  function.  With  at,  defined  to  be  the  output  and 
ft  the  input,  the  root  locus  as  a  function  of  the  rate-feedback 
gain  d  (expressed  in  mechanical  units)  is  shown  in  Fig.  6.  The 
root-locus  plot  provides  information  beyond  that  provided  by 
Eqs.  (6)  for  a  given  set  of  physical  parameters.  Specifically, 
Fig.  6  reveals  that  it  is  the  first  mode  of  vibration  that  goes 
unstable  when  the  gain  d  is  less  than  -1.55,  and  that  the 
second  mode  of  vibration  goes  unstable  when  the  gain  d 
exceeds  2.145.  However,  inspection  of  the  root-locus  plot  docs 
not  directly  reveal  the  relationship  between  the  gain  d and  the 
modal  damping  ratios  of  the  controlled  structure. 

A  plot  of  the  modal  damping  ratios  vs  the  gain  d  is  shown 
in  Fig.  7.  Like  the  root-locus  plot,  Fig.  7  reveals  which  mode 
goes  unstable  when  the  gain  violates  the  Routh  stability 
criteria.  It  also  reveals  more  clearly  and  quanlifinbly  tli.ii 
changing  the  gain  to  increase  the  damping  in  one  of  the 
modes  results  in  a  decrease  in  damping  of  the  other  mode 
This  high  (in  magnitude)  gain  instability  provides  an  explana¬ 
tion  of  the  low  frequency,  low  amplitude,  lightly  damped 
response  found  in  the  previously  described  experiment,  .in 
evidenced  in  Fig.  5.  As  the  magnitude  of  the  rate-feedback 
gain  is  increased,  the  damping  ratio  of  the  structure-domi¬ 
nated  mode  is  increased.  At  the  same  time,  the  damping  ratio 
of  the  actuator-dominated  mode  decreases.  Apparently  the 
system  is  adding  damping  to  one  mode  at  the  expense  of  the 
>  electronic  damping  in  the  actuator  mode.  Eventually,  the  gam 
is  increased  to  the  point  where  the  actuator-dominated  mode 
damping  becomes  negative,  driving  the  closed-loop  system 
f  unstable.  The  time  response  shown  in  Fig.  5  was  for  the 
f'  -closed-loop  system  operating  at  a  value  of  gain  just  below  that 
r„  -at  which  the  system  goes  unstable.  A  classical  control  design 
y  would  see  this  as  a  system  with  poor  gain  margin.  In  this 
j  -  region,  the  damping  ratio  is  very  small  causing  the  first-mode 
&  .vibration  to  persist  for  a  long  period  of  time. 


IV.  Structural  Model 

In  order  to  investigate  more  thoroughly  the  high  gain 
instability  suggested  by  the  simple  beam  experiment  and 
analysis  described  in  Sec.  HI  in  a  large  space  structure  appli¬ 
cation.  a  simplified  numerical  model  of  the  COFS  I  truss  flight 
article  was  constructed.  This  three-mode  model  consists  of  a 
two-mode  approximation  of  the  COFS  I  structure  with  an 
additional  degree  of  freedom  for  the  linear  DC  motor 
(LDCM)4  control  actuator.  The  three-mode  model  allows  for 
an  investigation  into  the  effect  of  placing  the  break  frequency 
of  the  actuator  below,  in  between,  and  above  the  modes  of 
vibration  of  the  uncontrolled  structure. 

The  I.DCM  developed  for  the  COFS  flight  article  has  the 
same  dynamic  characteristics  as  the  PMA  discussed  in  Sec. 
II.4  Therefore,  Eq.  (2)  is  also  the  transfer  function  for  the 
LDCM  control  actuators.  A  continuum  beam  model4  of  the 
truss  developed  for  control  law  design  studies  was  used.  The 
equivalent  beam  characteristics  are  given  as  length  60.693  m, 
mass  per  unit  length  4.461  kg/m,  and  flexural  rigidity 
28,63  x  106N-m\  The  continuum  model  was  then  approxi* 
mated  using  a  statically  reduced  two-element  finite-element 
model.  Nodes  zero,  one,  and  two  were  located  at  the  base, 
mid-point,  and  tip  of  the  beam,  respectively,  as  shown  in  Fig. 
X.  This  physical  modeling  approach  was  used  as  an  alternate 
approach  to  the  more  standard  modal  model  because  the 
interaction  of  the  actuator  and  structural  dynamics  become 
more  apparent.  A  lumped  mass  ( 100  kg)  was  added  at  the  tip 
of  the  beam.  The  open-loop  natural  frequencies  for  this 
approximate  model  arc  calculated  to  be  1.429  and  10.39  rad/s. 
I  he  NipiuiioiiN  of  motion  of  the  controlled  system  are  given  as 

I40.X  0  0  IfA,  [0  0  0]  pc,' 

l)  170.4  0  v,  '  0  cp  — cp  .v2 

»  o  /«,.  L'l  [o  -Cp  CpJ  1*3. 


14045  -4395  0|.c,]_r  0" 

-4395  1752 -t -kp  -k„  ,v2  “  fg 

0  ~kr  L -/*. 


(8) 


where  .v,  and  x2  are  the  displacements  of  the  two  finite-ele¬ 
ment  model  nodes  of  the  truss  at  the  midpoint  and  tip,  and 
is  the  displacement  of  the  proof  mass. 


V.  Actuator  Limitation 

In  this  section  several  cases  of  actuator  design  are  consid¬ 
ered  to  point  out  control  system  design  limitations  and  to 
investigate  the  nature  of  the  interaction  between  the  control 
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law,  the  actuator  dynamics,  and  the  structural  dynamics.  The 
criteria  used  to  explain  the  nature  of  this  interaction  is  to 
examine  the  modal  damping  ratios  of  the  closed-loop  system 
as  a  function  of  the  rate-feedback  gain  d. 

First,  consider  the  common  case  of  control  system  design 
without  considering  the  actuator  dynamics.  Figure  9  illus¬ 
trates  that  increasing  the  control  gain  d  substantially  increases 
the  damping  ratio  of  mode  1 .  In  addition,  the  second-mode 
damping  ratio  is  also  increased,  but  to  a  much  lesser  extent, 
due  to  placement  of  the  control  actuator  near  the  node  of  the 
second  mode.  This  naive  modeling  approach  seems  to  indicate 
that  a  reasonable  design  exists  for  reducing  vibration  levels  in 
the  first  mode.  The  danger  of  this  modeling  approach  is 
illustrated  in  the  following. 

Next,  consider  the  addition  of  the  actuator  dynamics  to  the 
previous  case.  The  break  frequency  a>r  is  chosen  to  be  less 
than  the  first  structural  mode  [«,,  =0.5  <  1.43  =  «,  (rad/s)|. 
In  this  case  the  closed-loop  equations  become 
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where  cf  *  1.1  (N-s/m)  results  from  assuming  that  the  actua¬ 
tor  back-emf  damping  is  5%.  The  mass  mn  used  in  Eq.  (9)  is 
consistent  with  the  moving  mass  of  the  pair  of  LDCM  tip 
actuators  mounted  in  one  plane  on  the  COFS  flight  hardware. 
The  5%  modal  damping  ratio  of  the  inherent  actuator  dynam¬ 
ics  is  representative  of  measurements  of  various  PMA’s  built. 


Fig.  8  Equivalent  continuum  beam  and  actuator  configuration. 


The  undamped  (cr=d  =  0)  eigenvalues  and  eigenvectors  are 

w,  =  0.496  rad/s,  u,  =  [0.0051  0.163  1.0] r 

»>:=  1.44  rad/s,  u,  =  [0.3196  -1.0  -0.1369]r 

(i>\  ••=  10.39  rad/s,  u3  =  [1.0  -  0.2640  0.006]r  (10) 

The  first  mode  of  vibration  is  termed  actuator-dominated 
because  the  third  coordinate,  which  corresponds  to  the  actua¬ 
tor  displacement,  illustrated  the  largest  amplitude,  whereas 
the  other  two  coordinates  are  relatively  small.  By  this  criteria, 
modes  2  and  3  arc  structure-dominated,  but  both  have  some 
actuator  influence. 

The  modal  damping  ratios  for  this  case  are  plotted  vs  the 
gam  in  Fig.  10.  Note  that,  again,  the  first  structure-dominated 
mode  (mode  2)  shows  an  increase  in  damping  ratio,  from 
almost  zero  for  the  open-loop  system,  to  as  much  as  20%  for 
the  lugh-gain  closed-loop  case.  Again,  the  other  structure- 
dominated  mode  increases  in  damping  as  well.  However,  note 
that  the  damping  ratio  of  the  actuator-dominated  mode 
( mode  I )  decreases  with  increasing  gain.  In  fact,  there  is  some 
value  of  the  gain  at  which  the  modal  damping  ratio  becomes 
negative,  driving  the  closed-loop  system  unstable.  This  again 
represents  a  high-gain  limitation  on  the  local  rate-feedback 
control  law,  the  actuator,  and  the  structure. 


Fig.  10  Damping  vs  gain,  <o,  <«>|. 


Fig.  9  Damping  vs  gain — actuator  dvnamics  ignored. 
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Next,  consider  the  case  that  the  break  frequency  is  chosen 
to  fall  in  between  the  two  structural  frequencies.  Specifically, 
consider  a)]*  1.35<co/,  =  6<w2=  10.41.  An  eigenvector 
analysis  of  this  system  reveals  that  mode  I  is  dominated  by 
both  the  structure  and  the  actuator,  mode  2  is  actuator 
dominated,  and  mode  3  is  structure  dominated.  The  modal 
damping  ratios  of  each  mode  are  plotted  vs  the  actuator  gain 
in  Fig.  11.  Note  that  in  this  case,  one  of  the  damping  ratios  is 
negative  for  almost  any  nonzero  value  of  the  gain  that 
achieves  reasonable  structural  damping.  Hence,  the  closed- 
loop  system  is  almost  always  unstable,  and  selecting  the  break 
frequency  of  the  actuator  to  lie  between  two  structural  modes 
is  not  feasible  (without  further  compensation).  This  is  due  to 
the  phase  characteristics  of  the  PMA.  For  the  rate-feedback 
control  law,  the  voltage  command  to  and  force  output  of  the 
force  generator  will  have  a  frequency  content  equal  to  the 
damped  natural  frequencies  of  the  closed-loop  system.  For  a 
stable  closed-loop  system,  the  sign  of  the  rate-feedback  gain  is 
chosen  such  that  the  force  component  at  each  individual 
frequency  opposes  the  corresponding  modal  velocity  of  the 
structure.  At  frequencies  well  below  the  break  frequency  of 
the  actuator,  there  is  an  180-deg  phase  difference  between  the 
voltage  command  and  the  actual  applied  force,  whereas  at 
frequencies  well  above  the  break  frequency,  there  is  no  phase 
difference.  Therefore,  when  the  break  frequency  of  the  actua¬ 
tor  is  chosen  to  lie  in  between  two  of  the  structural  modes  and 
the  voltage  command  corresponds  to  a  physical  velocity  (not 
a  known  sum  of  individual  modal  velocities),  the  individual 
applied  force  components  on  one  side  of  the  break  frequency 
will  oppose  the  corresponding  modal  velocities,  thereby  re¬ 
moving  energy  from  these  modes.  However,  because  of  the 
180-deg  phase  difference,  the  individual  applied  force  compo¬ 
nents  on  the  other  side  of  the  break  frequency  will  aid  tin. 
modal  velocities,  thereby  adding  energy  to  these  modes.  11  tin. 
energy  dissipated  by  the  inherent  modal  damping  of  these 
modes  is  not  greater  than  the  energy  added  by  the  applied 
force  components,  the  closed-loop  system  will  become 
unstable. 

Some  researchers19  have  suggested  that  placing  the  break 
frequency  of  the  actuator  above  the  highest  frequency  of 
interest  is  a  feasible  method  of  reducing  the  effects  of  actuator 
dynamics  on  control  design.  Several  problems  arise  in  the 
control  structure  configuration  examined  here.  First,  because 
the  magnitude  of  the  actuator  force  output  breaks  down  at 
40dB/s  below  the  break  frequency,  the  output  force  level 
would  be  severely  limited  at  low  frequencies,  typically  where 
the  highest  levels  of  control  force  are  required.  Secondly,  if 
the  structure  is  very  flexible,  the  model  approaches  a  partial 


Fig.  13  Modal  stability  design  chart. 


differential  equation  model  with  an  infinite  number  of  fre¬ 
quencies.  as  pointed  out  in  Ref.  20.  Hence,  there  is  always 
some  structural  frequency  larger  than  the  break  frequency, 
and  the  unstable  closed-loop  situation  of  Fig.  1 1  results.  In 
addition,  the  high-gain  instability  problem  of  the  previous 
case  is  still  present.  In  practical  terms,  although  a  structure 
does  not  exhibit  the  infinite  number  of  frequencies  the  partial 
dilVcieiilial  equation  would  predict,  the  question  of  how  one 
would  pick  the  highest  structural  frequency  that  can  be 
excited  is  not  yet  answered. 

With  Mt,  >  eigenvector  analysis  reveals  that  the  actuator 
effect  is  strongly  present  in  each  mode  with  the  third  mode 
being  clearly  actuator  dominated.  Figure  12  illustrates  the 
modal  damping  ratio  vs  gain  plots  for  each  of  the  modes. 
Note  that  increasing  the  feedback  gain  increases  the  modal 
damping,  but  to  a  much  smaller  extent  than  for  the  case  with 
the  break  frequency  below  the  first  structural  frequency  indi¬ 
cated  in  Fig.  10.  In  fact,  for  the  case  considered,  the  highest 
achievable  closed-loop  damping  .ratio  is  less  than  1%,  This 
happens  because  the  actuator  is  force-output  limited  in  this 
condition,  us  described  in  the  previous  paragraph.  Again,  the 
system  goes  unstable  at  higher  values  of  the  gain.  At  least  for 
the  system  configuration  presented  here,  placing  the  actuator 
break  frequency  above  the  highest  structural  frequency  offers 
no  apparent  advantage. 

Reluming  to  the  case  with  the  break  frequency  chosen  to  be 
miuIIci  than  the  lowest  structural  natural  frequency,  the 
lngh-g.un  limitation  can  be  represented  in  terms  of  the  modal 
dewgn  eliait  of  Fig.  13.  This  is  also  used  to  illustrate  the 
importance  of  back-emf  damping  in  actuator  design.  The 
solid  line  of  Fig.  13  divides  the  plot  into  stable  and  unstable 
legions  For  a  given  back-emf  actuator  damping  ratio 
.duiiud  In  v),  the  solid  line  yields  the  largest  feedback  gain 
is.  I  ok  ihv  n  stem  becomes  unstable.  This  curve  represents  the 
n-tu.is  higii-guin  limit  The  dashed  line  indicates  the  maxi¬ 
mum  .Khiexable  damping  ratio  for  the  second  mode  (which  is 
tiii  in  d  structural  mode)  before  the  high-gain  instability 

OCtrlllV 

VI.  Summary 

The  interaction  between  a  structure,  an  actuator  used  to 
control  the  structure,  and  the  control  law  used  to  drive  the 
system  has  been  examined  for  two  different  systems.  The  first 
system  considered  consisted  of  a  simple  cantilevered  beam 
controlled  using  a  rate-feedback  control  law  implemented  by 
a  proof-mass  actuator.  The  second  system  consisted  of  con¬ 
trolling  the  vibrations  of  the  COFS  1  flight  article  using  a 
rate-feedback  control  law  implemented  by  a  Linear  DC 
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Motor.  A  simplified  model  of  the  COFS  I  structure  was  used 
so  that  the  control/structure  interaction  phenomena  were 
more  clearly  revealed.  In  the  past,  the  simple  rate-feedback 
control  law  has  been  viewed  as  being  a  stable  control  law. 
because  it  is  equivalent  to  an  increase  in  the  passive  damping 
level  of  the  structure.  However,  when  proof-mass  actuator 
dynamics  are  included,  it  was  shown  that  a  high-gain  instabil¬ 
ity  prevents  arbitrarily  high  levels  of  damping  from  being 
added  to  the  system  by  active  control.  This  high-gain  instabil¬ 
ity  was  investigated  using  Rouths'  stability  criteria  in  a  gen¬ 
eral  sense  and  through  root-locus  and  modal  damping  plus 
for  specific  cases. 

With  added  damping  to  the  first  (lowest)  struetuial  mode  as 
a  design  criteria,  it  was  shown  (hat  the  break  licqucney  nl  the 
actuator  should  be  designed  below  the  first  natural  frequency 
of  the  structure  for  best  performance.  In  addition,  it  was 
shown  that  the  closed-loop  system  exhibits  a  high-gain  limita¬ 
tion,  and  that  this  limitation  is  determined  by  the  amount  of 
back-emf  damping  available.  It  was  also  shown  that  as  the 
high-gain  limit  of  a  given  structurc/aclualor/control  law 
configuration  is  approached,  system  performance  degrades 
substantially. 
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A  technique  is  proposed  which  systematically  adjusts  a  finite  element  model  of  a 
structure  to  produce  an  updated  mode!  in  agreement  with  measured  modal  results. 
The  approach  suggested  here  is  to  consider  the  desired  perturbations  in  stiffness  and 
damping  matrices  as  gain  matrices  in  a  feedback  control  algorithm  designed  to  per* 
form  etgenstructure  assignment.  The  improved  stiffness  and  damping  matrices  com¬ 
bined  with  the  analytical  mass  matrix,  more  closely  predict  the  modal  test  results. 
The  technique  is  applicable  to  undamped,  proportionally  damped,  as  well  as  non- 
proportionally  damped  models.  The  proposed  method  assumes  that  the  analytical 
mass,  damping  and  stiffness  matrices  are  known  and  that  vibration  test  data  Is 
available  in  the  form  of  natural  frequencies,  damping  ratios,  and  mode  shapes. 


Introduction 

The  method  proposed  here  addresses  the  problem  of  com¬ 
paring  an  analytical  model  of  a  given  structure  with  the  ex¬ 
perimentally  measured  vibration  response  of  the  same  struc¬ 
ture  in  the  form  of  modal  data.  The  analytical  finite  element 
model  is  generally  of  larger  order  than  the  experimentally 
determined  model  and  the  two  seldom  yield  the  same  natural 
frequencies,  damping  ratios  and  mode  shapes.  Previous  work, 
see  Berman  and  Nagy  (1983),  Heylen  (1982),  Rammer  (1987) 
and  Fuh  et  al  (1984)  for  instance,  have  suggested  adjusting  the 
finite  element  model  in  the  hope  of  producing  a  modified 
model,  more  in  agreement  with  the  measured  response. 

The  modal  data  collected  in  a  vibration  test  can  easily  be 
cast  into  eigenvalue  and  ‘  eigenvector  information,  if  one 
assumes  that  the  structure  under  test  can  be  successfully 
modeled  by  a  linear  lumped  parameter  multiple-degree-of- 
freedom  system.  The  problem  of  matching  finite  element 
models  with  test  data  can  be  restated  as  follows.  Given  a 
dynamical  system,  and  its  finite  element  model,  find  correc¬ 
tion  matrices  for  the  stiffness  matrix  and  damping  matrix  such 
that  the  corrected  system  has  the  measured  eigenvalues  and 
eigenvectors.  If  one  identifies  the  measured  eigenstructure 
(i.e.,  modal  data)  with  the  desired  eigenstructure,  this  is  ex¬ 
actly  the  statement  of  the  eigenstructure  assignment  problem, 
using  velocity  and  position  feedback  common  in  control 
theory. 

The  method  proposed  here,  capitalizes  on  these  similarities 
and  uses  an  eigenstructure  assignment  algorithm  from  control 
theory  to  calculate  corrections  in  the  finite  element  model  (An- 
dry  et  al,  1982-3,  Srinathkumar,  1978).  The  result  is  a  cor¬ 
rected  finite  element  model  which  agrees  with  experimental 
data.  Note  that  in  this  proposed  method,  active  control  is  not 
performed,  only  an  algorithm  from  control  theory  is  used. 

The  technique  of  using  an  eigenstructure  assignment 
methodology  with  measured  modal  data  as  the  desired 
eigenstructure  works  equally  well  for  both  real  mode  shapes 
and  complex  mode  shapes.  This  well  known  and  established 
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control  theory  method  is  used  and  adopted  to  physical  coor¬ 
dinates  rendering  these  procedures  compatible  with  ex¬ 
perimental  measurements.  Several  examples  are  presented  to 
explain  and  clarify  the  procedure. 

The  proposed  technique  is  applicable  where  a  finite  element 
model  of  an  existing  structure  is  available  in  the  form  of  mass, 
damping  and  stiffness  matrices.  The  finite  element  model  can 
be  undamped,  proportionally  damped,  as  well  as  nonpropor- 
tionally  damped.  In  addition,  modal  testing  results  for  the 
same  structure  consisting  of  a  set  of  eigenvalues  and  eigenvec¬ 
tors  is  assumed  to  be  available.  The  eigenvalues  and  eigenvec¬ 
tors  can  be  real  as  well  as  complex.  As  in  most  test  situations, 
it  is  assumed  that  the  number  of  measured  modes  is  smaller 
than  the  number  of  analytical  modes  and  that  they  are  not 
necessarily  of  the  same  order. 


Analytical  Model 

The  dynamic  structures  under  consideration  are  assumed  to 
be  successfully  modeled  by  a  linear  damped  multiple-degree- 
ol -freedom  system.  The  free  vibration  of  the  model  is  de¬ 
scribed  by  the  differential  equation  of  the  form 

A/q(r)  +  Dq(r)+tfq(/)=0 

where,  M  is  the  mass  matrix  and  D  and  K  are  the  damping  and 
stiffness  matrix  respectively.  The  mass  and  stiffness  matrices 
arc  assumed  to  be  symmetric,  positive  definite  matrices  and 
the  damping  matrix  is  assumed  to  be  symmetric,  positive  semi- 
definite  (Shames,  1985,  Stasa,  1985).  The  analytical  model  is 
obtained  by  finite  element  structural  analysis.  As  a  result,  the 
damping  matrix  is  proportional  to  the  mass  and  stiffness 
matrices,  that  is 

D  =  ctM+0K 

where,  a  and  0  are  constants.  This  proportionally  damped 
model  usually  has  complex  eigenvalues  and  real  eigenvectors. 
The  complex  eigenvalues  of  the  system  are  in  complex  con¬ 
jugate  pairs,  since  the  matrices,  M,  D  and  K  consist  of  real 
constant  parameters.  The  eigenvalues  and  eigenvectors  of  the 
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analytical  model  are  referred  to  as  the  open-loop  eigenvalues 
(X/*)  and  eigenvectors  (v,*)  of  the  system. 

Experimental  Model 

The  experimentally  obtained  modal  data  can  easily  be  cast 
into  a  set  of  natural  frequencies  (w,),  damping  ratios  (£,)  and 
mode  shapes  by  using  modal  parameter  estimation  methods, 
such  as  circle-fit  (Ewins,  1986),  polyreference  method  and 
eigensystem  realization  algorithm  (Allemang  and  Brown, 
1987).  These  quantities  can  be  further  transformed  into  a  set 
of  eigenvalues  (X,)  and  associated  eigenvectors  (z,).  Note  that 
the  eigensystem  realization  algorithm  yields  the  eigenvalues 
and  eigenvectors  directly  (Juang  and  Pappa,  1985).  The  eigen¬ 
values  are  given  by  the  following  equation: 

X,  ”  ^j^dj 

where, 

wdl=o),  vi  -  r,2 

for  the  underdamped  case.  The  eigenvalues  and  eigenvectors 
in  general,  can  be  real  or  complex.  In  the  case  where  some  of 
the  eigenvalues  and  eigenvectors  are  complex,  they  will  be  in 
complex  conjugate  pairs  for  the  model  to  be  real. 

Model  Correction 

The  proposed  technique  uses  an  eigenstructure  assignment 
algorithm  to  obtain  correction  matrices  for  the  damping  and 
.stiffness  matrices.  Those  matrices  are  considered  as  gain 
matrices  in  a  feedback  control  algorithm.  The  first  step  in  the 
theoretical  formulation  of  the  proposed  technique,  is  to  con¬ 
sider  a  multiple-degree-of-freedom  vibrating  system  of  order 
n,  subject  to  feedback  control  of  the  form: 

Mq(t)+Dq(t)+Kq(t)=B0u(t)  (1) 

The  output  or  measurement  vectory(r)  is  given  by 

y(O  =  C0q(O+C,q(f)  (2) 

where  C0  and  C,  are  the  position  and  velocity  measurement 


matrices,  respectively.  Here  q  is  a  real  valued  vector  of  dimen¬ 
sion  n  x  1 ,  u  is  a  real  valued  vector  of  dimension  m,  and  y  is  a 
real  valued  vector  of  dimension  r. 

The  control  vector  u(r)  is  given  by: 

u(r)  =Fy(t)  (3) 

The  quantities  M,  D,  K,  C0,  C,  and  q  are  rearranged  such  that 
the  first  m  coordinates  of  x (/)  correspond  to  the  measured 
coordinates,  that  is 

x(0  =  7q(0  (4) 

where  T  is  an  n  x  n  transformation  matrix.  Note  that  it  is  im¬ 
portant  here  for  the  finite  element  analyst  and  the  test  engineer 
to  use  compatible  coordinate  systems.  This  means  that  ac¬ 
celerometers  should  be  placed  at  positions  on  the  structure 
corresponding  to  nodes  of  the  finite  element  model.  Since  the 
finite  element  and  the  modal  tests  are  often  performed  by  dif¬ 
ferent  people,  (in  some  cases,  by  different  departments)  it  is 
important  to  ensure  that  the  test  data  used  in  this  procedure  is 
consistent  with  the  finite  element  code  which  is  being  verified. 


Note  that  the  number  of  nodes  of  the  finite  element  model  can 
and  will  be,  much  larger  than  the  number  of  accelerometers 
used  in  the  modal  test. 

Substitution  of  (2),  (3)  and  (4)  in  (1)  yields: 

MT-'x(t)  +  DT- 

■>  !)+KT-'x(t)=B0FC0T-'x(t) 
{.B0FC{T-'x(t) 

(5) 

Let, 

A/,  =MT~' 
C0*  =C0T-' 

D,  =MT~'  Ki=KT~' 

C,*  =  C|  T" 1 

(6) 

Substitution  of  (6)  into  (5)  yields: 

A/,  x  ( t )  +  £>,  x  ( t )  +  K,  x  ( l )  =  B0FC0‘ *x  ( /)  +  B0FC{  *x  ( /) 

(7) 

where  A/,,  /?,, 

and  X',  are  generally  asymmetric 

nxn 

matrices.  The  closed-loop  system  described  by  (7)  has  2n 
eigenvalues  and  In  (nx  1)  eigenvectors.  Given  (X/), 
1=1,2 . r  as  the  desired  eigenvalues,  and  v,  the  eigenvec- 


Nomenclature 


B0  =  full  rank  constant  coeffi¬ 
cient  feedback  matrix 
B  =  modified  constant  coeffi¬ 
cient  feedback  matrix 
C0  =  position  measurement 
matrix 

C,  =  velocity  measurement 
matrix 

C0*  *  transformed  position 
measurement  matrix 
C|*  ■  transformed  velocity 
measurement  matrix 
D  =  system  damping  (sym¬ 
metric  positive  definite) 
Dt  =  transformed  damping 
matrix 

F  =  output  feedback  gain 
matrix 

G,  =  partition  of  R, 

/„  =  nxn  identity  matrix 
J  =  objective  function 
K  =  system  stiffness  matrix 
(symmetric  positive 
definite) 

K\  =  transformed  stiffness 
matrix 


m  --  ii-.inhc!  v>l  independent  in¬ 
puts  (actuators) 

M  =  system  mass  matrix  (sym¬ 
metric  positive  definite) 

A/,  =  transformed  mass  matrix 
n  =  number  of  degrees  of 
freedom 

p  =  number  of  measured 
modes 

q(0  =  displacement  vector 

Q,  =  partition  of  R, 

r  =  number  of  independent 
outputs  (sensors) 

R,  =  subspace  of  fth  eigenvector 
T  =  transformation  matrix 

u(r)  =  control  vector 
v,*  =  open-loop  system  fth 
eigenvector 

v,  =  closed-loop  system  fth 
eigenvector 

W  =  system  eigenvector  matrix 
x(r)  =  transformed  displacement 
vector 


y(/)  =  output  vector 
■/.,  =  fth  measured  eigenvector 
o,D  =  measure  of  changes  of 
damping  matrix,  /=  1,  2 
6;X  =  measure  of  changes  of 
stiffness  matrix,  f=l,  2 
6D  =  damping  matrix  of 
changes 

5 K  =  stiffness  matrix  of  changes 
X,*  =  open-loop  system  fth 
eigenvalue 

X,  =  closed-loop  system  fth 
eigenvalue 

A  =  eigenvalue  matrix 
f,  =  measured  damping  ratio 
«,  =  measured  undamped 
frequency 

=  measured  damped 
frequency 

Superscripts 

T  =  matrix  transpose 
•  =  time  derivative 
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tors  corresponding  to  X„  then  the  eigenvector  equation  of  the 
closed-loop  system  is  given  by: 

(/,,  V  +  M,  ” 1 Z),  X,  +  AV 1  *■>, 

=  (M,  - 1  BqFC,  *X,  +  A/,' 1 50FC0’)v,  (8) 

After  simple  matrix  manipulation,  this  becomes: 

vi  =  Un\2  +  +  B0F 

(Cr\  +  Cc,')v,  (9) 

Here  it  is  assumed  that  none  of  the  assigned  eigenvalues  X,, 
match  the  system  open-loop  eigenvalues  X,  \  therefore,  the  in¬ 
verse  of  (/„X,2  +  AY,  +  -'/f,)  exists. 

Next  define  the  ml  vector  m,,  as 

m^FtC/Xi  +  Co'K  (iO) 

Then  (9)  becomes 

V/  =  (/„X,:+A/,  'DfX,  t  AY,  'A',)  'A/,  1  /rnmt  (I 


The  implication  of  (1 1)  is  of  great  importance  (Siinathkumar, 
1978,  Andry  et  al,  1983).  It  states  that  the  closed-loop 
eigenvector  v,  which  is  associated  with  the  closed-loop  ereu- 
value  X;  must  lie  in  the  subspace  spanned  by  die  minim,  ot 
the  matrix 

+  +  A/ 1  'A',)  'A/,  '«„/■ 

(Ci’X.  +  Co*)  (12) 

This  means  that  there  is  a  constraint  on  the  eigenvector  and 
not  just  any  complete  eigenvector  can  he  assigned  to  a  given 
structure.  The  dimension  of  this  subspace  is  in,  the  number  of 
independent  control-inputs  to  the  system.  The  orientation  of 
this  subspace  depends  upon  the  parameters  in  AY,  D,  K,  T  and 
the  desired  eigenvalue  X,.  Therefore  AY,  D  and  K  must  be  a 
“good”  representation  of  the  structure  for  this  subspace  to  be 
physically  meaningful. 

Srinathkumar’s  (1978)  work  has  very  important  implica¬ 
tions  for  this  approach.  It  implies  the  following  theorem 
which  uniquely  determines  the  feedback  gain  matrix  F. 

Eigenstructure  Assignment  Theorem.  Given  a  controllable 
and  observable  dynamical  system  (see  Ch  'n,  1984,  or  Inman, 
1989,  for  definition),  the  elements  of  the  feedback  gain  matrix 
F,  can  be  specified  such  that  max  (m,  r )  closed-loop  eigen¬ 
values  can  be  assigned,  max  (m,  /•)  eigenvectors  can  be  par¬ 
tially  assigned,  and  min  (m,  r)  entries  in  each  eigenvector  can 
be  partially  assigned. 

According  to  this  eigenstructure  assignment  theorem  we  can 
only  assign  (m,  r)  eigenvalues  and  min  (m,  r)  entries  in  each 
eigenvector.  If  m=r,  that  is  the  number  of  sensors  is  equal  to 
the  number  of  actuators  then,  m  eigenvalues  can  be  assigned 
and  m  eigenvectors  can  be  partially  assigned  and  in  entries  m 
each  eigenvector  can  be  arbitrarily  assigned.  II  the  cigemss- 
tors  are  of  dimension  mxl,  then  the  eigenvectors  uin  be  lulls 
assigned.  The  measured  eigenvectors  are  assumed  to  be  of 
dimension  pxl,  where  p  is  the  number  of  the  measmed 
modes.  The  choice  of  the  number  of  actuators  is  up  lo  the  usei 
in  this  case  as  no  physical  device  need  be  present  in  ibis  tip- 
plication.  Therefore  if  p  is  set  equal  to  m,  then  all  the  ex¬ 
perimental  modal  parameters  can  be  fully  assigned.  Let  the  ex¬ 


perimental  eigenvalues  be  { X, },  /=  1,2, . .  in  and  the 

experimental  eigenvectors  (z,),/=  1,2, . in.  The 


assigned  eigenvectors  are  of  dimension  n  x  1  and  are  given  by: 


(13) 


where  d,  is  an  ( n-m)x.  1  vector  of  unspecified  components. 

Next  the  vector  d,  is  chosen  such  that  (12)  is  satisfied,  that  is 
v,  lies  in  the  subspace  spanned  by  the  columns  of  the  matrix 
Rt.  Then,  R,  can  be  partitioned  into  G,  and  Q, 


Ri  = 


(14) 


where  G,  is  an  m  x  m  square  matrix  and  Q,  is  an  (n-m)  x  m 
matrix.  The  matrices  G,  and  Q,  can  be  further  partitioned  into 
column  vectors  as  follows: 

G/  =  [gi:*2:g3:  - .  .  :gj  jj 

Q,  =  [qi:q2:«l3v  •  • 

Note  that  the  elements  of  R„  Q,  and  G,  are  complex  in  the 
case  of  complex  experimental  eigenvalues  and  eigenvectors. 
Here  it  is  assumed  that  G,  is  nonsingular,  so  that  the  elements 
of  z,  can  be  expressed  as  a  linear  combination  of  gtj  g2, 
83 . gm  that  is 

=  0 1  g,  +  «2g2  +  a3g3  +  •  •  •  +  <*mlm  09 

where  the  elements  a,  are  constant  expansion  coefficients. 
This  last  expression  can  be  written  in  matrix  notation  as 

z,  =  G,a  (17) 

where  the  vector  a  is  given  by 

»  =  [<»,,  flj.oj,  ....  am]  (18) 

'.Marly,  the  vector  d,  is  unspecified  and  forced  to  satisfy: 

d,  =  Q,a  (19) 

If  equation  (17)  is  multiplied  by  G. " 1 ,  the  vector  a  is  cal¬ 
culated  to  be: 

a  =  G,-'z,  .  (20) 

Substitution  into  (19)  then  yields  • 

d,  =  &G,-‘z,  (21) 

Thus,  the  ith  assigned  eigenvector  is  given  by 


v,= 


r 


V. 


*1 

QiGr'  */ 


(22) 


Equation  (22)  is  a  physically  meaningful  relationship  be¬ 
tween  the  unmeasured  elements  of  v,  and  those  elements 
which  are  measured,  However,  this  relationship  is  true  only 
when  the  analytical  model  is  a  “good”  representation  of  the 
structure.  The  assigned  eigenvalues  can  be  arbitrary,  but  the 
assigned  eigenvectors  must  lie  in  a  certain  subspace.  Further¬ 
more,  the  orientation  of  this  subspace  depends  on  the 
analytical  mass,  damping  and  stiffness  matrices.  This  is 
equivalent  to  the  equation  derived  by  Berman  (1983)  relating 
the  measured  and  unmeasured  components  of  an  eigenvector. 

Next  the  procedure  for  calculation  of  the  feedback  gain 
matrix  is  presented. 


Calculation  of  Feedback  Gain  Matrix.  Equation  (8)  holds 
lor  all  in  closed-loop  cigcnvalue/eigenvector  pairs.  In  the 
compact  form  of  matrix  notation,  the  m  equations  represented 
by  (8)  become 

ll'A-  =  -  AY,  '  D,  W\  -  Vf,  * 1  A,  W+  BFC\  *  W\  +  BFC0 *  W 
where, 

M'=  (V|:v2:v3: . vm] 

A  =  diag(X|  ,X2  ,X3 . . .  Xm) 

B  =  M\  ~,B0 

Solving  (23)  for  the  matrix  Fyields 
F=  (BTB)~xBT[Wh}+Mx~lDx  fFA+A/,  "'Af,  W] 

[C,,W'A  +  Co*WT-1 

From  a  mathematical  view,  [C,,*if'A+Co*lF]_l  will  exist  as 
long  as  the  only  point  of  intersection  of  the  nullspace  of  the 
output  matrix  [C, :  C0],  and  the  space  spanned  by  the  columns 
of  the  matrix  of  the  desired  eigenvectors  W,  is  the  origin. 


(23) 

(24) 

(25) 

(26) 


(27) 
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The  new  damping  and  stiffness  matrices  can  be  calculated 

as: 


D*  =  D—B0FCX 
K'=K-B0FC0 


(28) 


It  is  noted  that  the  new  damping  and  stiffness  matrices  are  not 
symmetric  because  the  matrices  B0FC0  and  50FC,  are  gener¬ 
ally  not  symmetric.  This  problem  is  overcome  by  optimizing 
an  appropriate  objective  function. 

It  is  also  noted  that  the  original  FEM  will  in  general  not  pro¬ 
duce  a  model  with  complex  modes.  This  is  true  because  the 
standard  choice  for  a  damping  matrix  in  FEM  is  to  assume  it 
to  be  a  linear  combination  of  the  mass  and  stiffness  matrices 
(i.e.,  proportional  damping).  The  new  damping  and  stiffness 
matrix  given  in  equation  (28)  will  in  general  not  be  propor¬ 
tional.  Hence  the  adjusted  FEM  will  yield  complex  modes, 
which  is  what  is  observed  in  most  structural  tests. 


.Choice  of  Objective  Function.  As  is  noted  in  the  previous 
section,  the  elements  of  C0  and  C,t  that  is  the  position  and 
velocity  measurement  matrices  respectively,  cannot  be  deter¬ 
mined  analytically  if  symmetry  of  the  new  model  is  required. 

In  general,  the  asymmetric  part  of  a  square  matrix  A,  see  In¬ 
man  (1989)  for  instance,  is  given  by, 

A„  =  .S(A-AT)  (29) 

If  A  is  symmetric,  the  matrix  A„  must  be  a  matrix  with  zero 
entries.  Next  define  Ax,  A2,  A},  A4  to  be  the  following 
matrices: 


o 

*  M 


A  i  =  B0FCl  A2  =  B0FC0 
AjbAi  -Atr  A4=A2-A2 


(30) 


An  objective  function  7,  is  set  to  be  the  sum  of  the  squares  of 
the  elements  of  A  j  and  A4.  The  objective  function  7  is 
minimized  over  the  elements  of  the  measurement  matrices  C0 
and  C,.  If  the  final  value  of /is  zero  then  that  the  elements  of 
Aj  and  A4  are  zero,  which  implies  that  matrices  A ,  and  A ,  are 
symmetric.  Therefore  the  necessary  condition  for  symmetry  of 
the  new  model 


(3!) 


B0FC,  =  C,  TFrB0T 
BqFC0  =  CaTFTB(lT 

is  satisfied. 

To  express  matrices  A}  and  A4  and  finally  7,  in  terms  ol  c„ 
and  C, ,  the  expression  for  B0F  from  equation  (23)  can  be  used 
to  yield: 

BqF~Mx[WA2  +  Mx  M'A  +  Af,  -'/f,  W][CX *  tV,\ 

+  C0*Wr‘  (32) 

Then,  by  transposing  (32),  the  matrix  FTB0r  is  calculated  to 


H  IC, •  WA  +  C0*  HV T  l  +  Mx  -  ■ 1  Dx  WA 

Site.  •  +A/| ~ W)tM\t 


(33) 


Finally  this  results  in  the  objective  function  7,  in  terms  of  only 
known  quantities  and  in  terms  of  the  independent  variable 
vector  that  contains  the  elements  of  C0  and  C, : 

7-||ltf1[H'A2  +A/,  WA  +  MX  ~'KX  W][CX  •  WA 
'  +C0,in-1Co-(C1*lf'A  +  Co’Mrr(W'A2+A/1-,Dlfi/A 
+ Aft ' '^t  W\TMX  rC„  * || +  ||Af , { WA2  +  A/,  - 1 Dx  WA 
+MX WllCt *  WK+ C0*  W\~ 1 C,  -  [C,  •  W\ 
v  +C0*H/j-7'(M/A2+Afr!Z?1  IKA+A/j  "'/f,  W]TMX  TCX  T  || 

(34) 

An  unconstrained  optimization  algorithm  was  used  to 
minimize  the  above  objective  function.  Since  the  gradient  vec¬ 
tor  and  the  Hessian  matrix  of  7  are  not  trivial  and  have  to  be 


calculated  numerically,  a  canned  subroutine  from  IMSL  Math 
Library  was  used  (IMSL  10,  CONDIR).  The  optimization 
routine  uses  the  conjugate  directions  technique  to  minimize 
the  objective  function.  A  subroutine  that  provides  the  func¬ 
tion  to  be  minimized  in  terms  of  the  independent  variable  vec¬ 
tor  is  necessary. 

Iterative  Procedure.  After  the  optimization  procedure  is 
applied,  7  is  not  always  exactly  zero  which  implies  that  the  new 
damping  and  stiffness  matrices  are  not  perfectly  symmetric.  It 
is  important  to  realize  that  the  improved  damping  and  stiff¬ 
ness  matrices  must  be  symmetric.  Therefore  only  the  sym¬ 
metric  parts  of  D*  and  K *  are  taken  into  consideration  in  the 
calculations.  However,  by  throwing  away  the  asymmetric  part 
of  D*  and  K\  the  new  model  does  not  have  the  exact  assigned 
(measured)  eigenvalues  and  eigenvectors.  An  iterative  pro¬ 
cedure  is  then  applied  to  the  updated  model  until  the  elements 
of  the  gain  feedback  matrix  F are  negligibly  small,  yielding  an 
.ilmoM  symmetric  system.  During  the  iterative  procedure  the 
eigenvalues  and  eigenvectors  are  repeatedly  assigned  to  the  up¬ 
dated  model,  throwing  away  the  asymmetric  part  of  the  new 
damping  and  stiffness  matrices  at  each  step.  After  every  itera¬ 
tion  the  model  is  updated  and  checked  for  convergence  of  the 
eigenvalues  and  eigenvectors  of  the  updated  model  to  the 
assigned  data. 

Summary  of  Adopted  Procedure.  The  application  of  the 
method  is  straightforward  and  is  performed  in  7  steps,  listed 
here  and  illustrated  in  Fig.  1. 

(1)  Choose  B0 

(2)  Choose  initial  values  for  the  elements  of  C0  and  C, 

(3)  Use  the  optimization  algorithm  to  minimize  7.  Get  F  and 
new  C0,  C| 


Analytical  Model 


Choose 


Fig.  1  Flowchart  ol  adopted  procedure 
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D'  =  D-BqFC\ 

K"  =  K—  BaFC0 

(4)  If  J  is  not  exactly  zero,  £>*  and  K*  are  not  symmetric 


Set  Z)*  =  .5  (£>* + Z>* r) 

a:*=.s  (/c* +x*r) 

(5)  The  new  model  M,  D',  K *  does  not  have  the  exact  assigned 
eigenvalues  and  eigenvectors. 

(6)  Iterate  procedure,  that  is, 

D<U,>=D(I>  ~B0F(0C, 

Z5<'+  n  =  .5(Z7<i+ ')  +  Z)(M,r) 

KU*i  >  =  /r«)_fl0/r(/>c0 

Kl‘*  0  =  ,5(A(i+  ■>  +  '*  T) 

until  desired  accuracy  in  eigenvalues/eigenvectors  is  achieved. 

(7)  The  improved  model  A/.  D,  K  results. 

A  flowchart  of  the  method  is  presented  in  Fig.  I. 


Measures  of  Changes.  The  evaluation  of  changes  in  the 
damping  and  stiffness  matrices  is  necessary  if  one  i'  to  pass 
judgement  on  the  acceptability  of  the  improved  model.  No 
single  measure  of  these  changes  can  be  completely  meaningltt!. 
Therefore,  two  separate  parameters  were  calculated  to  assist  in 
this  evaluation.  The  first,  <5, ,  is  the  mean  square  of  the  element 
changes  divided  by  the  mean  square  of  the  elements  of  the 
original  matrix.  Thus  5,  for  the  damping  and  stiffness 
matrices  are  defined  as: 


E  «V 


A|p  = 


Ul 

y-t 


E  V 

/•t 

7-1 


5IX  = 


E 

i»  i 

y-t 


5V 


/-I 
J- 1 


(35) 


where  SD,  SK  are  defined  as  the  matrices  of  changes  of  the 
damping  and  stiffness  matrices,  respectively,  that  is: 


AZ>=Z)*-*Z)  bK~K’ -K  (36) 


This  measure  makes  no  recognition  of  the  relative  changes 
of  the  elements.  In  a  sense,  the  diagonal  elements  may  be  con¬ 
sidered  to  be  indicators  of  the  magnitude  of  the  data  in  the 
corresponding  rows  and  columns.  Thus,  the  second  measure 
of  changes  was  calculated,  which  is  simply  the  mean  square  of 
the  relative  changes  in  the  diagonal  elements.  Thus,  5;  is  de¬ 
fined  as: 


n 


Nl 


n 


i-l 


(37) 


The  above  procedure  is  illustrated  in  the  examples  that 
follow.  The  measure  of  changes  in  the  damping  and  stiffness 
matrices  are  also  shown. 


Examples 

In  this  section  two  examples  are  shown  to  illustrate  the  pro¬ 
posed  method.  The  examples  are  fictitious  and  do  not  corre¬ 
spond  to  real  experiments  or  structures.  However,  they  do 
simulate  the  standard  case  for  real  structures  in  the  sense  that 
the  FEM  is  larger  than  the  “measured”  modal  model.  The 
first  example  illustrates  an  eight-degrec-of-freedom,  non- 
proportionally  damped  model  which  is  assigned  three  real 
eigenvalues  and  three  (3  x  1)  eigenvectors.  This  simulates  three 
sets  of  measured  mode  shapes,  natural  frequencies  and  damp¬ 


ing  ratios.  The  secont*  example  is  a  four-degree-of-freedom, 
nonproportionally  damped  model  which  is  assigned  two 
measured  complex  eigenvalues  and  two  measured  complex 
eigenvectors.  The  complex  eigenvalues  and  eigenvectors  are  in 
complex  conjugate  pairs.  This  is  necessary  if  the  entries  of  the 
mass,  damping  and  stiffness  matrices  are  required  to.be  real 
numbers.  >nf» 


..  d:,s 

Example  I  .  - ns 

In  this  example  an  eight-degree-of-freedom,  nonpropojv 
tionally  damped  model  is  assumed.  It  is  also  assumed  that 
measured  model  data  in  the  form  of  three  real  eigenvalues 
(i.j.,  an  overdamped  response  so  that  the  thrM  meaiured 
damping  ratios  are  greater  than  one)  and  three  (3x>ljf  mode 
shapes  is  available.  ’  .j 


Analytical  Model.  The  model  is  given  by  equation  (1)  with 

the  following  banded  coefficient  matrices: 


U-diagl  3.0, 0.5, 0.4, 1.0, 1.0, 1,5, 1.0, 0,5) 
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0  0  1 

V.  J  J 

The  sixteen  eigenvalues  of  the  open-loop  (FEM)  system  are 
calculated  and  presented  below  for  comparison: 


\\\j=  1,16)  =  {  -6.7072,-5.4904,-0.7160,-8.8625 
±  3.273 1  i,  -  1 .6916  ±  1 .7638/,  -  0.0462  i  1.8055/, 
0.2242±  1.6361/,  -0.0645  ±0.4 1 99/- 0.4843  ±0.0078/) 


Measured  Results.  Next,  it  is  assumed  that  the  measured 
results  are  available  in  the  form  of  eigenvalues  and  associated 
eigenvectors,  that  is: 

Eigenvalues: 

{X„Xj,Xjl  =  ( -7.0000,-5.0000,-0.7500) 
Associated  Eigenvectors: 


r  .oiooi 

r  -.20001 

f  .25001 

1.0000 

*2  = 

.0500 

z3  = 

1.0000 

l-.osooj 

L  i.oooo J 

L-.0050. 

These  eigenvalues  and  eigenvectors  are  then  assigned  to  the 
above  model  using  the  proposed  method  to  produce  the 
following  correction  factors.  Note  that  only  the  first  three 
elements  of  each  eigenvector  are  available.  This  simulates  the 
situation  in  most  structural  test,  that  only  partial  mode  shapes 
can  be  determit.-d  and  only  a  few  of  the  eigenvalues  can  be 
measured. 
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1(a)  Results  from  Optimization  Procedure 
The  resulting  measurement  matrices  C0  and  C,  become 


■<  a.angcv  oi  the  damping  and  stiffness 
iK  calculated  and  shown  in  Table  1.  Next,  this  pro- 
e.lute  t.s  iterated  to  improve  the  corrected  model. 
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C,  =  103 


The  modal  parameters  of  the  new  system,  that  are  of  inteiest, 
are  the  following  set  of  eigenvalues  and  eigenseetors,  that  i- 

Eigenvalues: 

JXt.XzAs )  =  I  ~  7.0654,  -  5.4857,  -  0.6864 1 

Associated  Eigenvectors: 

f-. 03091  '-.1562  1 200 

1.0000  -.1445  10000 

.1954  1.0000  :  -.2517 

xxxx  xxxx  |  xxxx  1 

V,  =  xxxx  v2  =  xxxx  v,=  xxxx  i 
xxxx  xxxx  XXXX  j 

xxxx  xxxx  xxxx 

xxxx  J  L  xxxx  J  xxxx  J 

The  new  adjusted  model  is  described  by  the  original  mass 
matrix  and  the  damping  and  stiffness  matrices  that  follow , 
that  is: 


iii»  UomiU.s  After  Iterative  Procedure 

\ftei  r  iterations  the  modal  parameters  of  the  new  system, 
’!  ate  o:  mteiest,  (i.e.,  those  corresponding  to  the  measured 
.i  0  ,i.-t  .  ,  is  the  following  set  of  eigenvalues  and  eigenvec- 


i  7.0000, -5.0000, -0.75001 
.oi-.  i-.igenvectors: 
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vJ  b>  the  original  mass 

* 

*  ‘*C 

natrices  that  follow. 
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.0 

.0 

-1.584 

4.000 

.1)98 

-2.923 

.0 

.0 

1.217 

2.671 

-.518 

2.852 

.117 

-.537 

1.952 

- 1.000 

-  1.024 

-1.616 

symmetric 

8.000 

-  2.000 

-2.070 

2.000 

-1.727 

2.897 
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Table  1  Measures  ol  changes 


Example/case 

8id 

S|K 

820 

62k  I 

% 

% 

% 

%  1 

la 

5.28 

3.08 

3.34 

i.O"  : 

1b 

20.61 

21  03 

1.3/ 

3  73 

2a 

0.80 

10.83 

1.19 

6  03 

2b 

0.80 

10.86 

1.18 

_ 0  •• 

The  measures  of  changes  of  the  clamping  ami  ■ i :  •- 
matrices  are  calculated  and  the  results  arc  shown  m  i  aim  1 
Note  that  the  eigenvalues  and  eigenvectors  ol  iIk 
model  are  much  closer  to  the  simulated  measmeJ  dm.;  ’■  .. 
the  result  obtained  by  just  using  equations  (28t  widid#  •  > 
tion.  In  cither  ease,  the  modal  mlonn.iiion  ol  i"  > 
model  is  much  closer  10  the  tir.wmcd  oa'a  '•> 
original  model. 

Example  2 

In  the  last  example,  a  lorn  •  ■■■■.  i  "u 
tionally  damped  system  iv  used  '■  ...  u  . 
to  be  two  complex  eigenvalue- r  ,  m  null”  .n 
with  damping  ratios  less  than  um:.vj  am' 
eigenvectors  (complex  mode  shapes).  This  example  eh*  • 
because  most  structures  are  underdamped  and  exhibit  *,  m 
plex,  or  moving,  mode  shapes.  Consider  the  model  "i  .en 
equation  (1)  with  the  following,  coefficient  matrices 

A/=diag|2.0, 3.0,4.0,2.01 


r  6 

-2 

-4 

O'] 

('  4 

- 1  : 

n 

-2 

2 

0 

0 

K-  "• 

2  - 1 

O 

-4 

0 

6 

-2 

- 1  5 

.  ) 

l  0 

0 

-2 

2j 

0 

0  -2 

2 

I  he  modal  parameters  of  the  new  system,  corresponding  to 
the  measured  data,  are  the  following  set' of  eigenvalues  and 
eigenvectors,  that  is: 

Eigenvalues: 

IX,,X2)  =  (  -  1.0000  +  0.9999/,- 1.0000  -  0.9999/) 

Associated  Eigenvectors: 

r  i.oooo  )  r  i.oooo  'i 

0.9908  0.0868/  _  -0.9908  +  0,0868/ 

xxxx  2  xxxx 

„  xxxx  J  (_  xxxx 

I  he  new  model  is  described  by  the  original  mass  matrix  and 
i he  damping  and  stiffness  matrices  that  follow,  that  is: 


S.809S 

2.0246 

-3.9628 

-.1777) 

2.0246 

2.0000 

.0000 

.0174 

3  'V.28 

.0000 

6.0000 

-2.0287 

0174 

-  2.0287 

2.9560_ 

1 ;*k 

- .9928 

-2.0011 

1.5036) 

.-I  :;■> 

2.0000 

-1.0000 

-.0098 

2/oi  i  1 

-  1.0000 

5.0000 

-2.0009 

1.50  V, 

-  .0098 

-2.0009 

3.6639J 

I  measures  of  changes  of  the  damping  and  stiffness 
n  '•!  rices  are  calculated  and  the  results  are  presented  in  Table 
i  Next,  this  procedure  is  iterated  to  improve  the  corrected 
iu  xlol. 

2(t'i  Results  After  Iterative  Procedure 
\fter  ten  iterations  the  modal  parameters  of  the  new  system 
cot  i  esponding  to  the  measured  data  are  the  following  set  of 
eigenvalues  and  eigenvectors: 


The  eight  eigenvalues  of  the  open-loop  (1:EM)  system  me 
calculated  and  presented  below  for  comparison: 

\\'J=  1,8)  =  (  -3.2813,  -0.7269,  -0.768I 
±  1.0158/,  -0.0126i0.2749/,  -0.2986  +  0.7-  <  . : 


Measured  Results.  Next,  it  is  assumed  that  th 
results,  are  available  in  the  form  of  eigenvalues  ,u.« 
eigenvectors,  that  is: 


Eigenvalues: 

IX,. )  =  |  -  1.0000+  1.000/,-  1.0000-  1.0000/) 

Associated  Eigenvectors: 

1.0000  "|  f  1.0000 

-1.0000-0.0500/  -1.0000  +  0.0500/ 

xxxx  2  “  xxxx 

xxxx  xxxx 

mal  improved  model  is  described  by  the  original  mass 
s  and  the  damping  and  stiffness  matrices  that  follow, 


Eigenvalues: 

( X|  ,X2  |  =  I  -  1.0000  *  I  .OOOO,.  I  OII00  I  Ol M 

Associated  Eigenvectors: 

1.0000  )  I  ooiii! 

;  -  . 

-1.0000-0.0500/  j  [  1.0000  csi'On, 

These  eigenvalues  and  eigenvectors  are  then  awi':,,  ..  :  ■ 

above  model  using  the  propo-ed  method  to  p>od"  v 
following  correction  factors. 


2(a)  Results  from  Optimization  Procedure 
The  resulting  measurement  matrices  C„  and  ( 


f  27.4251 

-4.1  S90 

0  2934  |  /,  >  ' ' 

C0  = 

L  79.0766 

-0.82SO 

O.I06"  >-  1 

f  23.1963 

11.8602 

■ .  2' '  ’  i<-' 

C\  = 

L-  10.7962 

1.2258 

» 

2.0246 

-  3.9582 

-.1991) 

2  0.’  ■! 

2.0000 

.0126 

.0013 

» r  82 

0126 

6.0034 

-2.0312 

.1991 

- .0013 

-2.0312 

2.9528 J 

4.4391 

-  1.0016 

-  1.9994 

1.5048) 

1.0016 

1.9679 

-  1.0037 

-.0114 

-  1.9994 

-1.0037 

5.0000  - 

-2.0009 

1.5048 

-.0114 

-2.0009 

3.6639J 

lh-  measures  of  changes  of  the  damping  and  stiffness 
tutrices  are  calculated  and  the  results  are  presented  in  Table 
I  ’•  gain,  the  procedure  for  concerning  an  analytical  model  us- 
measured  modal  data  and  an  eigenstructure  assignment 
lure  produced  an  improved  model  with  modal  data 
’>  "ng  experimental  observation. 


•ssion  of  Results 

<  iv  iv  the  above  examples,  the  proposed  tech* 
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nique successfully  assigned  a  complete*"  %  :  ,i.c  Vi-;.. 
ly  obtained  (simulated  in  this  case)  eigem  .tines  and  cn 
tors.  This  provides  a  systematic  method  tor  uj  . 
analytical  models  by  experimentally  observed  data.  Ih.  , 
posed  method  is  limited  to  updating  or  impioving  the  m.:,..css 
matrix  and  the  damping  matrix.  Some  FEM  practiti.'iitts 
believe  that  the  mass  matrix  is  actually  a  larger  source  <>i  v-hm 
in  modeling  and  hence  should  also  be  changed.  The  ut.uui 
method  does  not  allow  the  mass  matrix  to  be  changed  but  • , 
believed  that  the  feedback  algorithm  used  here  coti  . 
altered  to  accommodate  mass  changes  and  represent  i..,use 
research.  The  proposed  method  does,  however,  addres  die 
important  issue  of  constructing  a  damping  matrix  lor  tin.  I  I  M 
which  yields  complex  mode  shapes  (Inman  and  Jha.  fxm 
This  represents  an  important  improvement  on  standard  !M 
practice  as  the  standard  FEM  damping  marix  is  proportiondl 
(yielding  real  mode  shapes)  and  most  measured  data  couutms 
complex  mode  shapes.  In  the  case  where  the  mode  shapes .« 
not  available,  other  pole  placement  techniques  (Inman.  >- 
Chen,  1984,  Kimura,  1975,  Davison.  1970.  1973,  1975) 
used  for  eigenvalue  assignment  and  model  uuproxcmci 

The  procedure  described  here  produces  t  s.mmettiv  f. 
definite  stiffness  and  positive  somi-defimu  damping  <. 
adjust  to  an  existing  FEM.  It  does  not,  however,  gum  . 
that  the  resulting  modified  stiffness  and  damping  matt  i  >.  . 
the  same  physical  significance  tney  had  fioni  the  %. 
modeling.  The  procedure  only  guarantees  that  the  its.; 
model  yields  the  natural  frequencies,  damping  ration  ..! 
mode  shapes  obtained  from  an  experimental  niodai  analv  %  t 
the  modeled  structures. 

For  a  gyroscopic  system  described  by: 

'M(0+A2q(r)+/ljq(/)=flnu(/) 

where .4, ,  Ait  and  A}  are  real,  asymmetric  matrices,  the  pro¬ 
posed  technique  is  a  one  iteration  method.  The  optimization 
algorithm  is  skipped,  since  symmetry  of  the  improved  model  is 
not  required. 

The  proposed  method  does  not  use  the  orthogonality  i  >a- 
tions  for  normal  modes  (Berman,  1983,  Heylen,  19,:..) 
Therefore,  it  can  be  applied  to  undamped,  proportion  h 
damped,  as  well  as  non-proportionally  damped  models. 

A  disadvantage  of  the  proposed  technique  is  the  fact  ih..: 
additional  coupling  is  introduced  in  the  damping  and  stilii,.^ 
matrices.  This  problem  can  be  avoided  by  optimizing  (Ik  >:• 
jective  function,  using  a  constrained  optimization  algo 
and  setting  as  constraints  the  coupling  ■vim-  mat 
originally  zero.  This  will  potentially  lead  :  i. 
curate  result  and  improvement  ol  the  m».i 

It  should  also  be  noted  that  ;i  :1k  .  ■  . 

analysis  and  the  finite  element  inode* 
the  same  or  very  close,  then  the  u.\.w  *  .  , , 

not  exist.  This  problem  is  avoided  i>v  ,  ,  ‘un¬ 
measured  eigenvalues  that  arc  abends- . .  w, 

analytical  model  (FEM).  Note  that  the  mnuU-i  m  hum 
eigenvalues  and  eigenvectors  assigned  by  the  .those  pro- 
is  arbitrary  and  up  to  the  user.  Therefore,  modal  data  « 
low  confidence  factor  need  not  be  assigned,  lake  ... 
measured  modal  data  that  matches  the  analytical  data  u»> 
need  not  be  assigned.  Those  familiar  with  pole  placemen:  and 
eigenstructure  assignment  methods  will  recognize  the  pu-.i- 
bility  that  the  analytical  eigenvalues  (that  matched  the  ex¬ 
perimental  ones)  left  unassigned  will  probably  move.  In  tnat 
event  the  procedure  is  repeated  until  all  those  measured  m 
assigned  high  confidence  are  assigned  to  the  finite  element 
model.  An  introduction  to  using  feedback  control  in  vibration 
and  measurement  problems  can  be  found  in  Inman  (19X9) 

As  a  final  remark,  it  was  shown  that  tiie  eigcnstrimu  . 
assignment  method  can  be  used  to  link  analysis  with  e.\j,-.n 
meat  in  a  systematic  way.  Previously,  the  modal  testing  -m. 


'  nun.  jd  hoe  and  less  systematic 
.  .ue  ..n.ti.-.ical  and  experimental  models.  It 

. itu"»  that  many  structures  and  machines  ex- 

. 1 .  mude  sliapc.s.  However,  the  common  approach 

...  ■•it-  Ki.ng  damping  in  finite  element  procedures  is  to  assume 
.lut  th.  damping  is  proportional  leading  to  real  mode  shapes, 
‘.he  'posed  approach  at  correcting  the  analytical  model 
iIk  corrected  model  to  have  complex  modes  as 

.  .  (Uc-! 

:  ■.;>  ..iitg  list  sumimiriz.es  this  paper. 

if  \  technique  is  developed  which  assigns  measured  modal 
.  *ui i',.iiion  to  a  given  finite  element  model  of  an  existing 
i  iMui"  i»y  using  eigenstructure  assignment  methods  com- 
coniiul  theory. 

-i  !  lie  approach  taken  is  to  consider  the  desired  perturba- 
*  i.s  a  stillness  and  damping  matrices  as  gain  matrices  in 
a.  control  algorithms. 

■  ! I.  iieMiirbation  maiiiccs  obtained  by  the  cigcnstruc- 
t-  'f.  .item  ieclmii|tio  are  not  nece.ssatily  symmetric.  This 

■  overcome  by  using  an  optimization  algorithm 
.  o.cs  the  elements  of  the  position  and  velocity 
matrices  such  that  the  symmetry  of  the  new  model  is 

■  ae  'll. 

!>  \a  i. et alive  procedure  is  then  applied  to  the  improved 

'*  1  ensure  that  the  assigned  modal  test  results  are 

assigned.  Convergence  of  the  iterative  procedure  is 
.oi  always  guaranteed. 

(■')  rhe  developed  technique  is  applicable  to  undamped, 
I*  opuuionally  damped,  as  well  as  non-proportionally  damped 
models 

((>)  Hu  liter  improvement  of  the  algorithm  and  optimization 
ut  the  objective  function  under  coupling  constraints  will  lead 
to  more  accurate  and  physically  meaningful  results. 
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ABSTRACT 

A  model  for  slewing  motor-beam  systems  is  described  in  this 
paper  based  on  a  finite  element  beam  representation  modified  to 
include  a  dynamic  model  of  a  DC  motor  as  the  actuator.  The  sys¬ 
tem  model  is  in  state  equation  form  and  by  including  the  effect  of 
actuator-load  interaction,  can  closely  represent  the  physical 
system.  The  beam  model  is  placed  in  moving  coordinates  to  elimi¬ 
nate  the  rigid  body  mode  and  is  connected  to  the  motor  drive  by  a 
clamped  boundary  condition  in  its  local  coordinates.  The  overall 
response  of  the  system  shows  that  the  effective  beam  boundary 
conditions  in  a  global  sense  depend  on  the  motor  parameters  and 
can  vary  from  pinned-ffee  to  clatnped-free.  The  overall  system 
damping  also  depends  on  various  motor-beam  interaction.  Several 
examples  are  presented  to  illustrate  the  varying  nature  of  the  sys¬ 
tem  modes  and  to  show  that  with  proper  selection  of  motor  param¬ 
eters,  damping  of  the  first  few  system  modes  may  he  inct  eased  In 
motor-beam  interaction. 


INTRODUCTION 

Slewing  structures  are  used  in  a  wide  variety  of  industrial 
applications  and  in  space  structures.  Due  to  the  angular  motion 
involved,  the  dynamic  behavior  is  more  complicated  than  that  »t 
similar  translational  systems  and,  for  a  flexible  structure  attached 
to  an  actuator,  it  is  important  to  take  actuator-structure  interaction 
into  consideration  when  constructing  the  mathematical  model.  This 
model,  either  continuous  or  discrete,  may  then  closely  represent 
the  actual  physical  system.  However,  if  the  interaction  is  not  con¬ 
sidered,  the  dynamic  response  of  the  mathematical  model  may  he 
biased,  and  will  be  accurate  only  when  actuator  interaction  is 
negligible  or  weak. 

The  most  popular  approach  m  slewing  siiticiure  modeling  is 
the  modal  model  approach  (Juang,  1986.  Hasting,  1987. 1-uhint.i. 
1985,  Cannon,  1984).  With  this  approach,  the  cigcireiiuciiire  o!  tin 
structural  system  must  be  obtained  prior  to  considering  auu.iioi 
interaction.  Certain  difficulties  may  arise  with  this  approach.  In  si. 
for  complex  Structures,  for  instance  a  three  dimensional  truss,  tU 
analytical  eigenvalues  and  eigenvectors  are  almost  impossible  to 
obtain.  Thus,  a  discrete  method  such  as  the  finite  element  method 
is  more  appropriate  to  determine  the  mode  shapes  and  natural  Ire 
quencies  of  the  system.  Second,  the  eigcnstructure  of  a  flexible 


structure  is  obtained  forgiven  boundaiy  conditions.  With  the 
structure  attached  to  an  actuator,  the  boundary  conditions  become 
unclear.  Some  researchers  have  noted  the  typical  clamped  bound¬ 
ary  condition  at  the  base  of  the  slewing  structure  and  have  assumed 
clampcd-lree  modes  for  the  analysis.  However,  unless  the  actuator 
is  powerful  enough  to  dominate  the  slewing  motion  with  negligible 
beam  interaction,  this  assumption  is  not  generally  appropriate.  An 
improved  modal  model  considering  the  modal  participation  factor 
for  the  actuating  torque  has  been  proposed  by  Garcia  (1989).  This 
representation  can  include  part  of  the  actuator-structure  interaction, 
but  still  is  restricted  to  very  basic  flexible  structure},  for  example,  a 
simple  beam. 

Slewing  structure  modeling  by  tho  finite  element  method 
(FEM),  utilizes  a  physical  coordinate  system  throughout  the  mod¬ 
eling  process  (Bayo,  1987,  Usoro,  1986).  However,  FEM  is  not 
naturally  capable  of  modeling  generalized  active  elements  and  the 
uHiiiu)  interactions  between  active  and  passive  system  elements. 
Rigid  body  motions  also  complicate  FEM  modeling  and  require 
i  m.iI  considerations.  In  this  paper,  a  modified  FEM  model  is 
zufsted  for  a  DC  motor-simple  beam  system.  This  idea  can  be 
•Mended  to  any  type  of  structure,  as  long  as  it  can  be  expressed  in 
HIM  model,  and  any  actuator  that  can  be  expressed  in  state 
vn-utton  format.  The  coupling  of  the  two  sub-systems  is  consid¬ 
ered  when  the  mathematical  model  for  the  overall  system  is  con- 
Nimued.  This  approach  has  the  following  advantages,  (a)  it  stays  in 
physical  coordinates,  (b)  it  can  be  applied  to  any  structure  and 
actuator,  (c)  it  implicitly  matches  the  boundary  conditions  of  the 
•urn. mre  to  the  actuator,  (d)  the  effects  of  actuator-load  interac- 
U'lic  are  included  and  (e)  the  mathematical  model  is  in  a  simple 
Mate  equation  format.  Since  the  system  is  represented  in  state 
.  ,|u.ai*.m  form  (first  order  differentia!  equations)  which  are 
» -  jMiided  from  die  FEM  mode!  (second  order  differential  equa- 

.  combined  with  the  actuator  representation,  the  matrix  size 
•i- .  >  -my  to  describe  the  system  is  approximately  doubled.  This 
iii.i.  mu  be  a  severe  problem  for  many  applications. 

Nuiuci  real  results  using  a  DC  motor  and  a  simple  beam  with 
dill»  re-in  gear  ratios  are  presented  in  the  discussion  below.  The 
tiuireicut  response  of  this  system  is  studied  to  understand  the  role 
ih  it  interaction  plays  in  the  over.:!!  system  character.  Eigen- 
.<*i.d>  ms  of  various  motor-beam  slewing  systems  has  been  per- 
lo.iucd  aril  results  are  presented  here  which  show  system 
vli.u.iUeristics  bounded  by  clamped-free  and  pinned-fres  beam 
bsii.oior.  Results  for  transient  response  and  eigenvalue  analysis  of 


the  moidr-beani  system  also  show  that  d.'impingcan  bo  piovuled  b> 
natural  ‘interaction  of  the  structure  anti  actuator  without  i  dying  on 
structural  damping. 

MATHEMATICAL  MODEL 

Consider  a  flexible  beam  driven  by  a  DC  motor  through  a  gcai 
set  with  speed  ratio  r  as  shown  in  Figure  1. 


Figure  ! 

Motor-Beam  System  Schematic  Diagram 

Two  coordinate  systems  are  used  in  the  model,  The  first  is  the 
coordinate  system  for  the  DC  motor,  which  is  an  angular  coordi¬ 
nate  system.  The  second  is  the  beam's  nodal  coordinates  which  are 
defined  with  respect  to  the  rigid  body  motion  of  the  beam  and  tire 
aligned  with  the  motor’s  angular  coordinate.  The  coordinate  sys¬ 
tem  describing  the  motion  of  the  motor  and  beam  is  shown  in  Fig 
ure  2. 


i'lgute  2 

Coordinates  Used  in  the  Motor-Beam  System 

By  defining  the  coordinate  system  as  described  m I  igur.  2.  >v 
rigid  body  motion  of  the  beam  f.  extracted.  The  hoimd.uy  comt. 
lions  of  the  beam  in  its  local  coordinate  system  can  be  legitimate:* 
specified  as  ''clamped"  on  the  motor  shaft.  It  should  be  noted  that 
the  “clamped-free”  boundary  condition  is  viewed  from  the  local 
coordinates,  i.e,,  if  a  camera  is  mounted  rigidly  ot.  the  motor  shall 
ttnri  pointed  toward  the  beam  tip,  clamped- tree  motion  will  be 
observed.  However,  in  a  global  sense,  the  beam  does  not  have 
clamped-free  mode  shapes. 

A  DC  motor  is  an  electro- mechanical  device  that  can  be 
expressed  by  a  linearized  state  equation  vet  including  its  divim  .il 
•and  mechan.tc.il  components  as  (Kuo,  1987) 


J9—  7  <n  :2 

where  L„  and  R „  are  the  electrical  inductance  and  resistance 
Kt  is  the  hack  EMF  coefficient 


K„  is  the  torque  constant 

and  !S„  are  the  inertia  and  friction  of  the  rotor 
/  (0  is  the  reaction  torque  or  load  due  to  the  vibration  of  the  beam 

Assuming  that  there  is  no  structural  damping,  the  FEM  repre¬ 
sentation  for  tire  beam  with  n  elements  is  described  in  Figure  3  and 
the  governing  equations  are 

MY  +  KY -F  (3) 

where  M  and  K  are  (2n+2)x(2n+2)  inertia  and  stiffness  matrices, 
and  the  excitation  vectorF  is  (2n+2)xl.  The  forcing  functions  can 
be  split  into  two  parts.  The  first  part  is  due  to  the  angular  accelera¬ 
tion  of  the  motor  and  the  inertia  of  the  beam,  and  may  be  called  an 
implicit  forcing  function.  Other  externally  applied  forces  and 
torques  not  related  to  the  motor  would  be  explicit  forcing  functions 
but  are  not  specifically  considered  in  this  discussion. 

The  boundary  conditions  of  the  beam  in  beam's  local  coordi¬ 
nates  are 

y(i,0)-  -0 

or,  in  the  FEM  representation, 

y,(0=y3(0=o  ,(4) 

Because  of  the  boundary  conditions,  wc  can  reduce  the  size  of  the 
model  by  partitioning  the  M  and  K  matrices  as 


where  M,t  and  Kr,  are  2x2  matrices  while  M,}  and  K,}  are  2nx2n 

M  J, 

matrices.  )  is  also  partitioned  as  Y  =  [Y,  Yj]  where 
Y,  =  |y,  y,)r  and  Y,  =  [y3  y.  - . .  yu  JL » r  Since  K  defined  by 
the  botmdaty  conditions  (4),  only  Y,  is  unknown  and  the  dynamic 
equations  for  the  beam  reduce  to 

Mat,+KaY,*F,  (6) 

where  F,  is  the  corresponding  sub-vector  of  F. 

The  reaction  force  Rf  and  torque  R,  on  node  1  are  obtained  by 

a  >  tinip 

[^Af.jK.  +  ^T,  (7) 

sr'  e  him  -levying  motion  is  considered,  only  the  torque  will  react 
■a  oh  the  motor  and 

R,  -  M,Y,  f  K,Y,  (8) 

w here  M,  and  K,  are  sub-matrices  of  M,2  and  K,2  corresponding  to 
v.  ‘I  he  effective  torque  transmitted  to  the  motor  through  the  gears 

T(i)  =  r-R,(0  (9) 


|  ',i  |  y  }  j  f  u 

j  [  j  d-n.,  J  jjntl 


Figure  3 

Owreiinate  Sysycr*  ‘or  Finite  Element  Beam  Model 


Substituting  (9)  into  (2)  yields 


J„~  =  KJ-Bjo~r(M,Y,  +  K,Y,)  (10) 

Also,  rearranging  (6)  results  in 

Y,  =  M;iF-M:}K,:Y,  (11) 

It  was  assumed  that  only  the  implicit  forcing  function  due  to 
angular  acceleration  exists  in  this  system,  and  such  forcing  func¬ 
tions  are  proportional  to  the  angular  acceleration  of  the  motor. 

Thus  the  implicit  force  F,  =  -rF,  •  —  where  F,  depends  only  on 

beam  dimensions  and  material  properties.  This  can  be  obtained 
directly  from  the  beam  description  without  any  knowledge  of  die 
DC  motor.  Combining  (10)  and  (1 1)  yields 

d(j)  If,  D,  r  , 

~I=V~fX~Z  + K')V-  < 1 2) 

where  JC=J„-  rlM,M^F,. 

Defining  the  state  variables  for  the  beam  as  ,Y,  =  Y,  and 
X2 =  i,  and  substituting  these  definitions  and  (12)  into  (1 1). 
the  derivative  equation  (1 1)  becomes 

<«)  (13) 


I-  +jM;jF,(-M,M;X.i + A-,)j,Y, 


Combining  (1),  (12)  and  (13)  along  with  =  X„  we  can  repre¬ 
sent  the  system  in  the  state  equation  format 

X=AX  +  IW  (14) 

where 

,Y  =  |«i  i  X Yf  r 


-■  (-W.I I,  .K,  •  ' 


rA,'. 

.,M  !fi  — : 

*  J 


-A/,X,  *  A. i  U 


It  -  /•, 


The  above  equations  represent  the  dynamic  characrersiKs  ol 
an  interacting  sieving  motor-beam  system.  In  systems  containing 
different  type  of  actuators  or  more  complex  structures,  a  sim.lar 
approach  may  be  applied  to  the  model.  The  beam  and  motoi 
parameters  arc  scattered  through  matrix  A,  these  terms  represent 
the  interactions  between  the  motor  and  beam.  Several  transient  and 
frequency  response,  results  for  a  motor-beam  sworn  vsith  diiicrcnt 
gear  ratios  we  presented  below.  These  examples  show  that  the 
interaction  between  the  motor  and  beam  changes  the  boundary 
conditions  of  the  beam  and  affects  damping  of  the  overall  s\  stem 


NUMERICAL  RESULTS 

Numerical  evaluations  of  a  motor-beam  system  can  be  carried 
out  by  integrating  (14)  numerically  for  transient  response,  or  by 
finding  the  eigenvalues  of  A  in  (15)  for  frequency  analysis.  In  this 
section,  an  open-loop  system  with  an  Electro-Craft  E586  DC  servo 
motor  and  an  aluminum  beam  is  considered.  Their  specifications 
are  listed  in  Table  1  and  Table  2. 


Table  1 

Motor  Parameters 


Table  2 

Beam  Parameters 


The  DC  motor  and  the  aluminum  beam  are  connected  through 
;i  set  of  gears,  and  the  system  is  assumed  to  have  zero  initial  condi¬ 
tions.  A  unit  step  voltage  drives  the  DC  motor  for  1 2 0.  Two  state 
variables  are  monitored,  angular  velocity  of  the  motor  and  dp 
displacement  of  the  beam  with  respect  to  the  rigid  body  motion. 
Figures  4(a)  and  (b)  show  the  response  of  the  system  for  unity  |ear 
ratio,  Figure  4(a)  shows  the  plot  of  motor  angular  velocity  vs.  time. 
Apparently  at  t  =  5s  the  system  has  not  reached  steady  state  veloc¬ 
ity.  The  oscillations  on  the  curve  indicate  that  the  vibration  of  the 
beam  is  interacting  with  the  motor.  Also,  from  Figure  4(b),  there 
are  signs  that  the  motor  has  influence  on  the  beam.  First,  the  tip 
displacement  of  the  beam  is  negative  for  the  time  period  shown. 
This  results  because  the  motor  is  accelerating  and  the  inertia  of  the 
beam  produces  an  overall  beam  deflection  during  the  acceleration. 
The  second  observation  is  that  even  without  structural  damping  in 
the  FGM  representation,  damping  occurs  in  the  motor-beam  system 
since  the  peak-to-pcak  amplitude  of  tip  displacement  is  decaying. 
This  suggests  that  the  structure  can  gain  damping  through  the 
structure-actuator  interaction. 

In  order  to  further  explore  the  interactions  between  the  motor 
and  the  beam,  different  gear  ratios  are  considered  for  the  system. 

In  Figure  4,  with  a  gear  ratio  equal  to  unity  me  motor  provides 
only  modest  torque  to  drive  the  beam,  thus  the  response  is  slow. 
With  a  decreased  gear  ratio,  driving  torque  for  the  slewing  beam  is 
increased  by  1/r  and  this  increases  the  dynamic  response  speed. 
Figures  5  and  6  present  the  transient  response  of  the  system  with 
r=0.1  and  r=0.01  respectively  subject  to  the  same  unit  step  input. 

In  Figure  5(a),  it  can  be  seen  that  the  speed  of  response  has  been 
increased  significantly,  with  settling  time1 1  *  0.5s.  The  influence 
of  the  vibration  of  the  beam  can  still  be  seen  in  the  transient  for  t  < 

1  5s.  Figure  5(b)  shows  the  tip  displacement  of  the  beam.  Notice¬ 
able  differences  between  r=  1  and  r=0. 1  can  be  observed.  The  max¬ 
imum  tip  displacement  for  r=0. 1  in  Figure  5(b)  is  larger  than  that 
of  r=l  because  the  starting  torque  is  10  times  larger.  The  first 
system  mode  in  the  r=0.l  case  possesses  more  damping  than  the 
r- 1  case,  as  the  pcak-to-peak  amplitude  d.ecays  faster.  This  also 
yields  a  faster  settling  time  for  the  tip  motion  with  r*0.1.  Also,  the 
system’s  natural  frequencies  are  different  for  the  two  gear  ratios, 
this  can  be  fut  ther  considered  by  looking  at  the  eigenvalues  of  each 
system. 


5.5158x10’ N«M/A 
5.8  V/krpm 

1.1  n 

3.889xl0‘5  Kg*M’ 
2.3  mH 

7.071x10-*  N-M/krpm 


Length 

Width 

Thickness 

Density 

Elastic  Modulus 


0.9144  M 
3.81x10'’ 
1.5875xlO’M 
2700  Ke/M5 
7.2568x1  o”  N/M 


1  settling  time  defined  here  is  ±5%  of  steady  state  value 
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for  gear  ratio  r=l 


«eol  Time  Slmu'atto" 


H**l  Time  Simulation 


limn  (•«£) 

Figure  a  (a) 

Motor  Angular  Velocity  (ratlAeo  I'oi  tteai  utior-0  I 


Itnia  (eac) 

Figure  5  (b) 
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Figure  6  (b) 

l team  up  displacement  with  respect  to  rigid  body  motion  in  (M) 
for  gear  ratio  r=0.01 


In  the  two  previous  examples,  it  can  be  scon  that  a  gear  ratio 
reduction  can  yield  a  faster,  better-damped  dynamic  system.  In 
Figure  6,  the  same  motor  and  beam  ate  considered  with  the  I'm  liter 
gearratio  reduction  to  r=0.01,  which  again  intensifies  the  driving 
torque  as  it  reduces  the  driving  speed.  The  angular  velocity  in  Fig¬ 
ure  6(a)  shows  that  the  settling  time  has  been  further  reduced,  how¬ 
ever,  the  first  system  mode  is  no  longer  well  damped  and  tite 
system  is  not  in  steady  state  at  the  end  of  the  simulation.  The  motor 
response  is  generally  complete  before  t  -  0.5s  but  oscillations  in 
the  shaft  speed  persist  because  of  the  continuning  beam  vibration. 
In  Figure  6(b),  it  is  clear  that  the  initial  acceleration  of  the  motor 
initiates  the  beam  vibration.  Due  to  the  low  gear  ratio  the  starting 
angular  acceleration  of  the  beam  is  lower  and  this  reduces  the  mag¬ 
nitude  of  the  tip  displacement.  The  beam  vibration  is  only  lightly 
damped  and  causes  the  motor  angular  velocity  to  oscillate  slightly 
about  its  steady-state.  This  system  has  the  potential  for  a  fast  tran¬ 
sient  response  but  has  light  damping  because  of  limited  motot- 
beam  interaction. 

The  fact  that  different  gear  ratios  on  the  same  motor/beam  sys¬ 
tem  will  yield  different  dynamic  behavior  can  also  be  seen  in  the 
frequency  domain.  Eigenvalues,  natural  frequencies  and  damping 
ratios  are  listed  in  Table  3  for  the  various  gear  ratios. 


Is*  mode 

co,  (Hz) 

&(*> 

1 

•0.3320  ±  43.0297  f 

6.8486 

0.771 

2 

-1.2615  ±  135.8777/ 

21.6265 

0.928 

3 

•3.2642  ±271.6337i 

43.2349 

1.202 

Table  3  (a) 

Eigenvalues,  Natural  Frequencies  and  Damping  Ratios 
for  r=l 


1  f*  mode 

(i),  (Hz) 

1 

-9.7357  ±6.8014/ 

1.8902 

81.977 

2 

•5.9619  ±65.9-179i 

10.5387 

9.001 

3 

-1.3345  ±  179.3217  / 

28.5-107 

0.74-1 

Table  3  (b) 

Eigenvalues,  Natural  Frequencies  anil  Damping  Ratios 
for  r=0. 1 


f*  mode 

co,  (Hz) 

1 

•0.0703  ±9.9318/ 

1.5807 

0.708 

2 

•0.0485  ±  62.4264  / 

9.9355 

0.078 

3 

•0.0129  ±  176.3269/ 

28.0633 

0.007 

Table  3  (c) 

Eigenvalues,  Natural  Frequencies  and  Damping  Kanos 
forr=0.()l 

It  can  be  seen  that  the  variation  in  gear  ratio  changes  the  eigen- 
structures  of  the  system.  To  explain  this  effect,  the  boundary  con¬ 
ditions  of  the  beam  should  be  considered.  Pinned-frce  and 
clamped-free  natural  frequencies  of  the  beam  are  shown  in 
Table  4. 

With  high  gear  ratio,  the  motor  can  give  little  torque  to  drive  the 
beam,  however,  the  vibration  of  the  beam  can  turn  the  motor  shaft 
easily.  This  situation  is  very  similar  to  the  boundary  condition  ol  a 
pinned-free  beam.  On  the  other  hand,  when  the  gear  ratio  is  low, 
the  motor  is  dominating  the  slewing  motion  while  the  beam’s 


/'*  mode 

Clamped-Free  Natu¬ 
ral  Frequency  (1  Iz) 

Pinned-Free  Natural 
Frequency  (Hz) 

1 

1.5756 

6.8934 

2 

9.8477 

22.3811 

3 

27.6182 

46.5526 

Table  4 

Natural  Frequencies  of  Clamped-Free 
and  Pinned-Free  Beam 


vibration  hardly  influences  the  transient  of  the  motor.  This  situa¬ 
tion  is  similar  to  the  clamped-free  boundary  condition.  Comparing 
Table  3  and  Table  4,  it  can  be  found  that  the  system’s  natural 
frequencies  lie  between  the  pinned-free  and  clamped-free  natural 
frequencies  of  the  beam,  depending  on  the  gearratios,  as  shown  in 
Table  5 


Mode 

Clamped-Free 

r=0.01 

M).l 

r-»l 

Pinrted-Free 

1 

1.5756 

1.5807 

1.8902 

6.8486 

6.8934 

2 

9.8477 

9.9355 

10.5387 

21.6265 

22.3811 

m 

27.6182 

28.0633 

28.5407 

43.2349 

46.5526 

Table  5 

Comparisons  of  Natural  Frequencies  Between 
Different  Boundary  Conditions 


From  the  examples  above,  depending  upon  the  motor  parame¬ 
ters,  a  paiticular  beam  can  gain  various  amounts  of  damping  from 
motor-beam  interaction  in  open  loop.  By  tuning  the  gearratio- 
alone  in  the  above  system,  the  first  mode  damping  ratio  reaches  a 
value  of  8 1 .977%  at  r=0.10  (Table-3b).  Best  damping  effect  may 
possibly  achieved  with  a  more  careful  selection  of  r.  If  further 
damping  is  required,  full  tuning  of  the  motor  parameters  and  gear 
r.nio  may  approach  critical  damping  of  the  first  mode.  When  a 
closed,  loop  controller  is  to  be  designed,  various  feedback  signals 
and  feedbaekgains  may  be  considered  for  the  control  loop.  Ir  all 
[lie  states  are  not  available  for  feedback,  full  eigenstructure  assign- 
iiii-iii  becomes  impossible.  Controlling  such  a  system  with  avail- 
ibic  output  feedback  may  depend  heavily  on  the  open-loop 
i.ii.icicrisncs  of  the  system.  A  well  designed  open-loop  system,  in 
-a  situ, moil,  can  help  provide  inherent  damping  and  improve  the 
'  *  »*vd-loop  system  performance. 

CONCLUSIONS 

This  model,  in  general,  demonstrates  a  precise  model  fora 
motor-beam  system  and  considers  the  interactions  between  the 
actuator  and  load.  It  can  be  treated  as  a  foundation  for  designing 
closed-loop  systems  based  on  traditional  control  strategies,  optimal 
contiol  or  design  optimization.  Furthermore,  many  structures  with 
interacting  actuator  dynamics  can  be  modeled  by  a  similar 
approach.  In  this  study  both  the  motor  and  the  beam  are  modeled 
as  linear  systems,  the  coupled  system  is  also  linear,  as  matrix  A  is  a 
matrix  of  constants.  When  modeling  non-linear  systems,  the  above 
piocvduros  are  still  valid  with  the  exception  that  the  coupled  sys¬ 
tem  should  be  expressed  in  the  form  of  #  =/(*,«,/)•  As  with  all 
non-linear  models,  frequency  domain  studies  can  not  be  performed 
in  general,  but  the  transient  responses  can  still  be  obtained  by  inte- 
giatmg  the  non-linear  state  equations.  Explicit  forcing  functions, 
which  are  externally  applied,  can  be  added  to  the  model  by 
including  appropriate  terms  in  the  B  matrix  if  the  applied  for- 
ccs/monieuts  do  not  have  dynamic  interactions  with  the  system. 

( hhcrwisc,  each  external  actuator  needs  to  be  considered 
separately. 

As  presented  above,  appropriate  design  of  the  motor  may 
<.(>  mge  the  eigenstructure  of  the  system,  and  may  enhance  damping 
ol  the  system  through  inoior-beum  interactions.  When  a  more  sta¬ 
ble  open-loop  system  is  desired,  analysis  and  perhaps  optimization 


of  actuator-load  interactions  should  be  considered  to  select  the 
most  suitable  motor  to  drive  the  beam  including  dynamic  interac¬ 
tion  as  well  as  power  and  torque  requirements.  The  boundary  con¬ 
ditions  of  the  beam  also  change  for  the  slewing  systems  as  the 
motor  or  gear  ratio  is  changed.  This  suggests  that  in  many 
situations  the  assumption  of  clamped-free  boundary  conditions 
may  be  questionable. 
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ABSTRACT 

The  slewing  control  of  a  flexible  structure  is  considered  by 
examining  the  equations  of  motion  of  an  integrated  eontrol/siruetuie 
system  containing  both  the  actuator  and  structure  dynamics.  The 
system  under  consideration  is  a  slewing  flexible  structure,  a  thin 
aluminum  beam,  torque  driven  by  an  armature  controlled  DC  electric 
motor  and  actuated  by  a  piece-wise  distributed  piezoceramic 
actuator.  An  improvement  in  performance  is  gained  by  a)  including 
the  effects  of  the  motor-actuator  and  beam  dynamic  interaction  and 
b)  using  a  piezoelectric  device,  layered  on  the  structure,  for  direct 
vibration  suppression  of  the  structural  dynamics.  Various  control 
laws  are  considered  for  the  vibration  suppression  control  problem. 
These  include  a  standard  linear  quadratic  regulator  controller  and  an 
output  feedback  control  scheme.  A  comparison  is  made  between  the 
performance  of  the  output  feedback  control  scheme  and  the  lull  state 
feedback  controller. 


NOMENCLATURE 

A  -  state  space  system  matrix 
B  -  state  space  connol  matrix 

8f  -  control  matrix  in  physical  coordinates 

-  equivalent  viscous  damping 

Cv  *  viscous  damping  in  the  motor  (bearing  friction) 

C  -  state  space  output  matrix 

-  voltage  applied  across  the  armature  circuit 

D  -  clamping  matrix 

E  •  elastic  modulus 

El  -  flexural  rigidity 

I  -  cross  sectional  moment  of  inertia 

lb  -  rotatory  inertia  of  the  beam  about  the  slewing  axis 

fm  -motor  inertia 

W  -  n  by  r.  identity  matrix 

Is  -  effective  motor  inertia 

K  -  stiffness  matrix 

Kb  -  back  electro-motor  force  (emf)  constant 

Kp  -  position  feedback  gain 

K  t  -  motor  torque  constant 

L  -  beam  length 

M  -  inertia  matrix 


Nj,  -  gear  ratio 

Hi  •  ith  modal  coordinate 

q  •  displacement  vector 

R„  -  armature  resistance 

q,  -  beam  thickness 

x  -  system  state  vector 

y(x.t)  -  deflection  of  the  beam  wrt  x 

y  -  measurement  vector 

Qj(x)  -  i111  eigenfunction 

-  modal  participation  factor  of  the  ith  mode 
p  -  piezo  layer  constant 

(1  •  angular  posiiion  of  the  rigid  body  motion 

l)„,  -  angular  posiiion  of  the  motor 

p  •  mass  density  per  unit  length 

c  •  torque  applied  to  beam 

\  i1  ■  matrix  transpose 

•')  -  differentiation  wrt  x 


INTRODUCTION 


It  has  been  shown  by  Garcia  (1989)  that  the  dynamic  interaction 
between  the  slewing  actuator,  the  DC  motor,  and  the  flexible 
structure  can  lead  to  improved  vibration  suppression.  Traditionally, 
the  slewing  control  of  a  flexible  single  link  structure  has  been 
single  actuator  problem.  This  problem  has  been  studied  both  b; 
researchers  in  the  control  of -large  flexible  space  structures,  Juang  e 
al,  (1986),  and  by  researchers  in  the  robotics  community,  Cannon 
and  Schmitz  (1984),  Hastings  and  Book  (1987),  and  by  Yurkovich 
and  Tzes  (1990). 


Recently,  Park  et  al.  (1990)  proposed  the  use  of  a  "voice-coil" 
actuator  in  addition  to  the  slewing  motor.  This  actuator  was  rigidly 
attached  to  the  slewing  hub  and  actuated  the  beam  near  the  clamper 
end.  This  approach  achieved  improved  structural  dynamic 
performance  and  reduced  peak  motor  voltages,  but  at  the  cost  o 
adding  the  mass  of  the  coil  actuator  and  its  supporting  mechanical 
imcilacc  to  die  slewing  payload.  Garcia  and  Inman  (1990b)  showed 
that  similar  increases  in  performance  can  be  achieved  by  slewing  anfl 


I 
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active  structure  rather  than  a  passive  structure.  Tl.s  structure 
consists  of  a  beam  layered  w;th  piece-wise  distributed,  or 
segmented,  piezoceramic  crystal.  The  active  beam  being  considered 
here  is  similar  to  those  considered  earlier  by  Fnnson  and  Caugbcy 
(1987)  and  Burke  and  Hubbard  (1987).  They  considered  a 
cantilevered  flexible  beam  controlled  by  a  collocated  pair  of 
piezoelectric  actuators  and  strain  sensors  coupled  with  a  pcoinve 
position  feedback  control  law. 

A  study  is  performed  which  examines  various  control  las', 
formulations;  in  particular,  an  output  feedback  control  formulation  is 
compared  to  a  linear  quadratic  regulator  (I.QR),  as  discussed  S 
Kirk  (1970)  and  Sage  and  White  (1977).  The  goal  hcic  is  to  design 
.an. output  feedback  control  strategy  that  performs  nearly  and  well  ." 
a  full  state  feedback  controller.  The  application  of  an  output 
feedback  controller  reduces  the  number  of  Iccdback  paths  in  the 
control  loop,  which  is  essential  to  experimental  implementation 
the  control  law.  More  importantly,  an  output  f  mi.  ’ 

generates  a  feedback  maliix  that  is  based  on  <  u  ••<  •  1. 1 

information  rather  than  relyinp  on  the  .u  m.d  ■ . 

model. 


SYSTEM  DYNAMICS 


I  The  schematic  of  Figure  1  is  an  edge  view  ol  a  tlmi  beaut  slew  mg  in 
the  horizontal  plane  such  that  gravity  does  not  play  a  significant  mle 
in  the  uynamics.  The  driving  torque,  x,  is  applied  at  the  slewing 


axis. 


I 
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The  motion  the  structure  is  assumed  to  have  a  modal  expansion 
given  by 

n 

y(M)«X4»i(*)qi(t)  (l) 

t*l 


■  where  n  is  tne  number  of  modes  used  in  the  solution,  <J>j(x)  is  the  ith 
mode  of  vibration  and  qj(t)  is  the  modal  amplitude.  A  detailed 
schematic  of  a  experimental  piezo-actuated  structure  is  presented  in 
Figure  2. 
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Garcia  and  Inman  (1990b)  derived  the  equations  of  motion  for  a 
piezo-actuated  beam  in  slewing  motions.  This  analysis  revealed  that 
the  equation  for  the  rigid  body  motion  of  the  system  is  given  by 


/  Px<t»i  d> 


qi  =  T 


(2) 


The  flexible  motion  of  the  structure  is  governed  by  the  follow  -ig  set 
pfn  equations  of  motion 
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qi  =  <t»i'(0)  x+  J  ^2<M(x,t)A(x))i>i(x)  dx  (t) 
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where  n  refers  to  the  number  of  modes  assumed  in  the  solution 
The  actuator  dynamics  -  that  is,  the  interaction  of  motor  and  beam  • 
is  included  in  this  model.  This  interaction  takes  into  account  the 
rotation  of  the  structure  due  to  flexure  brought  about  by  the  applied 
torque  in  the  Hamiltonian's  expression  for  the  nonconsers.uise 
work  (Garcia  and  Inman,  1990a).  This  interaction  appeals  m 
Equation  (3)  as  the  direct  transmission  of  applied  torque  to  the 
through  its  modal  participation  factor.  Garcia  and  Inman  (19‘xtb 


(vfu'lnteil  the  moment  generated  by  adding  pieci  wise  distributed 
pie/o  ac  tuators.  The  distributed  moment  term  on  the  right  hand  side 
1,1  '•qiianon  (3)  can  be  rewritten  as, 


! 

'  '\<7Ux.t)A(x»  6,(x)  dx  =  p  Vp(t)  ( di'(Li)  -  <S>j'(L2))  (4) 

I  ■  moment  distribution.  H(x,t),  can  be  calculated  by  the  product 
'i  oii'Miu.  )t,  and  the  voltage  applied  across  the  segment,  Vp(t). 

. . .  M-  is  a  Innetion  of  the  geometry  and  properties  of  the 

y*<  11  'l  itis  analysis  follows  that  of  Fanson  and  Caughey 

■  ■'"h  Ibukc  and  Hubbard  (1987).  A  more  detailed  analysis  of 
•  ol  layered  piezo  actuation  of  a  structure  was  given  by 
'  ’  Anderson  (1990).  Finally,  the  equations  of  motion 
«•  sl-'wing  'iiucture  arc  assembled  in  a  lumped  mass 

oiaiion  as 


,  ii.  ;•  <;.«■  »«,.  (J) 

. . '"I  ">ioi  I|t()  is  tlcfmctl  by  <|(i)l  =|U(t)qi(t) 

"  I  !!••<■  i.o  s.  damping  ami  stiffness  coefficient 
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(8) 


'  ■  I  .'(>)  -  <*<■(<)):  tins  is  the  ith  torsional  modal  participation 

■■'i  !->r  the  beam.  The  eoefficient  bv  is  an  equivalent  viscous 
o'  mi  which  is  a  combination  of  the  viscous  damping  in  the 
md  the  luck  cittl  ol  the  motor.  Kb-  The  term  Is  is  equal 

me  inertia  «f  the  motor  acting  through  the  gear  ratio, 
'  c  ith  inertia  lenn  is  given  by 


1 

h  *  fpxO,(\)dx 
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(9) 


which  represents  couples  the  flexible  motion  of  the  structure  with 
the  ugul  body  slewing  motion.  The  control  input  vector  u(t)  is  the  2 
x  I  sector  uT(t)  =  [ea(t),  Vr,(t)|  and  the  control  coefficient  matrix  is 


N,Kt  NgK, 


R7r'(0) 


^r„(o) 


UlOifl.tKM  1.2)1  .  .  H[$n(Li)-«h(L2)]J 


(10) 


.’m.c  segment  piezoceranuc  actuator.  The  system  of  equation 
'  '"no  state  sp  ice  form  by  defining  the  state  vector  x  as 


and  the  corresponding  state  matrix 


’  0  I 
-M^D. 


(11) 


(12) 


where  0  denotes  the  matrix  of  zeros  and  I  denotes  the  identity  m.m  is 
of  appropriate  dimension.  With  this  change  of  coordinate 
Equation  (5)  becomes 

x*Ax  +  Bu  (H) 

with  output  measurements  defined  by 

y  -  Cx  (14) 

Here  the  matrix  of  constants  C  specifies  the  relar between  the 
measurements  and  the  state  vector  x(t). 


VIBRATION  SUPPRESSION  CON  jl 

Presented  will  be  an  LQR  controller  design  where  the  focus  of  the 
design  will  be  for  the  vibration  suppression  of  the  structure.  While 
the  solutions  to  such  problems  are  analytically  convenient,  full  state 
feedback  controllers  are  not  easily  implemented  in  actual  hardware 
without  the  aid  of  an  on-line  full  state  estimator.  Since  estimators 
only  approximate  plant  behavior,  the  prediction  of  system 
performance  requires  that  estimator  dynamics  be  included  in  the 
overall  system  models.  Although  this  type  of  controller  is  a 
standard  formulation  in  control  technology,  experimentally 
implementing  these  controllers  is  not  always  trivial  in  the  laboratory 
Therefore,  an  investigation  into  an  output  feedback  eonuol 
formulation  is  pursued.  An  output  feedback  control  strategy  reduces 
the  number  of  feedback  paths  and  allows  these  gains  to  be  functions 
of  the  instrument  measurements.  This  generates  a  lower  order 
controller  which  is  simpler  to  implement  in  actual  hardware,  and 
arguably  more  reliable  than  a  more  complex  full  state  feedback 
controller.  A  comparison  of  the  performance  of  these  controllei .  is 
given. 

An  Output  Feedback  Control  Formulation 

Some  early  formulations  for  LQ  type  optimal  output  feedback  were 
made  by  Levine  and  Athans  (1970)  and  Kosut  (1970).  These 
algorithms  do  not  guarantee  stability,  and  were  found  to  yield 
unsatisfactory  results  for  high  order  systems.  A  more  recent 
algorithm  was  derived  by  Moerder  and  Calise  (1985).  This 
approach  yielded  a  stable  algorithm  for  finding  optimal  output 
feedback  solution  by  adding  to  the  cost  functional  a  penalty  on  the 
feedback  gains.  Sah  (1990)  considered  a  simplified  approach  for  a 
single  actuator  slewing  problem  which  comprised  of  a  least  squares 
solution  between  an  LQR  controller  and  an  output  feedback 
controller.  This  approach  is  presented  here  as  follows.  Let  u'  be 
the  solution  to  the  infinite  time,  linear  quadratic  regulator  (LQR) 
problem,  such  that 

u*(t)  ■  -K*x*(t)  (15) 

where  K*  is  the  optimal  feedback  gain  matrix,  and  x’(t)  is  the 
optimal  state  vector.  The  LQR  control  algonthm  then  calculates  the 
value  of  the  gain  matrix  K*  such  that  the  cost  functional 


J  =  J(xTQx 


+  uTRu)dt 


do; 


is  minimized.  The  matrices  Q  and  R  are  chosen  to  provide  a  desired 
and  system  performance.  Now  let  u0  be  a  controller  which  is  a 
function  of  the  measurements  of  the  system,  i.e., 


ii()=Koy*(0  (]7) 

Now  define  the  function 


i?  =  I  u„(t)-u*(t)lT(u0(t)-u*(t)l  (18) 

•uut  minimize  <>  with  respect  to  the  gain  matrix,  Ko. 

,  ,  (  0J) 

.Substituting  for  u0,  setting  — -  =  0,  and  solving  for  K0,  the 
following  expression  is  obtained. 

Ko=ly*(i)Ty‘(01-|y*(t)Tu*(t)  (19) 

This  obtains  a  least  squares  approximation  for  the  solution  of  the 
output  feedback  ;,ain  matrix,  Ko. 

Control  and  Simulations  of  an  Active  Beam 

The  example  given  here  is  of  an  experimental  slewing  beam,  as 
depicted  in  Figure  2.  This  structure  is  currently  housed  in  the 
Mechanical  System  Laboratory  at  the  State  University  of  New  York 
at  Buffalo.  The  aluminum  beam  is  0.8  m  long,  0,81  mm  thick,  and 
1.27  cm  wide.  The  actuators  of  the  structure  consists  of  two  pairs 
of  lead  zirconate  piezoceramic  layers  (Piezo  Electric  Products,  Inc. 
G- 1 195),  and  a  Electro-Craft  586  DC  electric  motor.  The  moment 
distribution  generated  for  each  pair  of  the  piezo  actuators  is 


M(x,t)  =  4.345x10-5  Vp  Nm/volt  (20) 

A  more  complete  description  of  this  system  was  given  by  Inman  et 
al.  (1990). 

The  measurements  assumed  to  be  available  for  this  slewing  control 
simulation  are  strain  and  angular  position  transducers.  The  angular 
I'osiiuui  and  angular  velocity  signals  are  easily  measured  for  a 
stem  utilizing  optical  encoders,  or  potentiometers,  for  position  and 
a  tachometer  for  velocity  sensing.  With  respect  to  the  system  of 
equation  (5),  die  angular  position  signal  is  the  sum  of  the 

iiiidcdcvied  beam  position,  0,  and  the  deflection  due  to  the  structural 
rotation  at  the  slewing  axis,  i.e., 

n 

Od) -0(0+  Z  9i'(0)  qi(0  (21) 

i=l 


\chcie  the  angular  velocity  is  simply  the  time  rate  of  change  of 
Equation  (21).  The  strain  of  a  beam  sensed  at  position  Lj  is  given 
by 


a^y(U.t)  tfc  J!  d2<j>i(Ls) 
3x2  “2  0X2 


qi(0 


(22) 


as  presented  by  Juang  et  al.  (1986).  Piezoelectric  polymer  sensors 
yield  a  time  rate  of  strain  for  a  given  system  so  that  it  will  be 
assumed  that  such  a  signal  could  be  included  in  our  control 
formulation. 

The  quadratic  regulator  penalty  function  was  determined  by 
choosing  the  weighting  matrices  as 

Q  =  DIAG[  10.0,  4.0,  1.0,  10.0,  4.0,  1.0]  (23a) 

R  -  DIAG|  1.0,  0.011  (23b) 
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This  yielded  a  satisfactory  response  for  the  structure  in  terms  of  the 
peak  current  requirements  of  the  motor,  the  structural  t  ,>  deflection, 
angular  position  response  ar.ci  me  voltage  requiremen  .  of  the  piezo 
actuators.  The  response  of  ths  system  to  the  LQR  con, roller  is  given 
by  the  solid  line  in  Figures  3*5,  while  the  dashed  linns  represent  the 
response  of  the  system  to  the  output  feedback  <  ;ntroller.  The 
structural  displacement  response  of  Figure  3  appears  slightly 
smoother  than  in  the  LQR.  This  is  due  in  part  to  me  insensitivity  of 
the  output  feedback  controller  to  the  higher  inodes  of  vibration,  as 
shown  in  Figure  5.  Figure  4,  shows  the  total  angular  deflection  of 
the  system  during  the  slewing  maneuver. 

The  performance,  as  defined  by  the  cost  functional  Equations  ( 1 6) 
and  (23),  is  J=10.987  for  the  standard  LQR  formulation.  The  cost 
for  the  output  feedback  controller  scheme  is  J=1 1.074,  and  is  higher 
as  one  might  expect.  Overall  the  performance  of  the  output  feedback 
controller  closely  resembled  the  performance  of  the  LQR. 


CLOSING  REMARKS 

An  investigation  has  been  performed  into  the  use  of  an  output 
feedback  control  scheme  applied  to  an  active  structure.  This 
controller  scheme  has  been  found  to  yield  satisfactory  results  that 
perform  nearly  as  well  as  a  full  state  feedback,  LQR,  controller. 
The  output  feedback  controller  reduces  the  number  of  feedback 
paths,  and  hence,  the  complexity  of  the  controller.  More 
importantly,  it  utilizes  sensor  measurements  rather  than  relying  on 
state  information  which  may  r.ot  always  be  available. 
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Figure  1 .  Flexible  beam  in  slewing  motions. 
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Figure  2,  Schematic  of  the  slewing  beam  showing  the  location  of 
embedded  piezoceramic  actuators. 
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igurc  3  Structural  tip  deflection  during  for  an  initial  displacement  error. 
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Figure  4.  Angular  position  response  for  an  initial  displacement  error. 


Figure  5.  Voltage  applied  to  the  piezo  segments  for  an  initial 
displacement  error. 
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